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Approximate Unitary Equivalence in Simple C∗-algebras of
Tracial Rank One
Huaxin Lin
Abstract
Let C be a unital AH-algebra and let A be a unital separable simple C∗-algebra with
tracial rank no more than one. Suppose that φ, ψ : C → A are two unital monomorphisms.
With some restriction on C, we show that φ and ψ are approximately unitarily equivalent if
and only if
[φ] = [ψ] in KL(C,A)
τ ◦ φ = τ ◦ ψ for all tracial states of A and
φ‡ = ψ‡,
where φ‡ and ψ‡ are homomorphisms from U(C)/CU(C)→ U(A)/CU(A) induced by φ and
ψ, respectively, and where CU(C) and CU(A) are closures of the subgroup generated by
commutators of the unitary groups of C and B.
A more practical but approximate version of the above is also presented.
1 Introduction
Let T1 and T2 be two normal operators in Mn, the algebra of n × n matrices. Then T1 and T2
are unitary equivalent, or, there exists a unitary U such that U∗T1U = T2 if and only if
sp(T1) = sp(T2)
counting the multiplicities. Let X = sp(T1). Define φi : C(X)→Mn by
φ(f) = f(Ti) for f ∈ C(X), i = 1, 2.
Let τ : Mn → C be the normalized tracial state on Mn. Then τ ◦ φi (i = 1, 2) gives a Borel
probability measure µi on C(X), i = 1, 2. Then φ1 and φ2 are unitarily equivalent if and only if
µ1 = µ2. More generally, one may formulate the following theorem:
1.1. Let X be a compact metric space and let φ1, φ2 : C(X) → Mn be two homomorphisms.
Then φ1 and φ2 are unitarily equivalent if and only if
τ ◦ φ1 = τ ◦ φ2. (e 1.1)
For infinite dimensional situation, one has the following classical result: two bounded normal
operators on an infinite dimensional separable Hilbert space are unitary equivalent if and only if
they have the same equivalent spectral measures and multiplicity functions (cf. Theorem 10.21
of [5]). Perhaps a more interesting and useful statement is the following: Let T1 and T2 be two
bounded normal operators in B(l2). Then there exists a sequence of unitary Un ∈ B(l2) such
that
lim
n→∞ ‖U
∗
nT1Un − T2‖ = 0 and
1
U∗nT1U − T2 is compact
if and only if
(i) spe(T1) = spe(T2).
(ii) dimnull(T1 − λI) = dimnull(T2 − λI) for all λ ∈ C \ spe(T1).
Here spe(Ti) is the essential spectrum of Ti, i.e., spe(Ti) = sp(π(Ti)), where π : B(l
2) →
B(l2)/K is the quotient map, i = 1, 2. Let X be a compact subset of the plane and let φ1, φ2 :
C(X)→ B(l2)/K be two unital monomorphisms. In the study of essentially normal operators on
the infinite dimensional separable Hilbert space, one asks when φ1 and φ2 are unitarily equiva-
lent? This was answered by the celebrated Brown-Douglas-Fillmore Theorem: φ1 and φ2 are uni-
tarily equivalent if and only if (φ1)∗1 = (φ2)∗1, where (φi)∗1 : K1(C(X)) → K1((B(l2)/K)) ∼= Z
is the induced homomorphism (Fredholm index), i = 1, 2 (cf. [3]). In fact, one has the following
more general BDF-theorem:
Theorem 1.2. If X is a compact metric space, then φ1 and φ2 are unitarily equivalent if and
only
[φ1] = [φ2] in KK(C(X), B(l
2)/K)
(cf. [4]).
It is known that the Calkin algebra B(l2)/K is a unital simple C∗-algebra with real rank
zero. It is also purely infinite. In this paper, we will study approximate unitary equivalence in
a unital separable simple stably finite C∗-algebra.
Definition 1.3. Let A and B be two unital C∗-algebras and let φ1, φ2 : A → B be two
homomorphisms. We say that φ1 and φ2 are approximately unitarily equivalent if there exists
a sequence of unitaries {un} ⊂ B such that
lim
n→∞ adun ◦ φ1(a) = φ2(a) for all a ∈ A. (e 1.2)
In definition 1.3, suppose that J = kerφ1. Then kerφ2 = J if φ1 and φ2 are approximately
unitarily equivalent. Thus one may study the induced monomorphisms from A/I to B instead
of homomorphisms from A. To simplify matters, we will only study monomorphisms.
We note thatMn is a unital finite dimensional simple C
∗-algebra with a unique tracial state.
We now replace A by an infinite dimensional simple C∗-algebra. First we consider AF-algebras,
approximately finite dimensional C∗-algebras.
Let A be a unital simple AF-algebra and let X be a compact metric space. Let φ1, φ2 :
C(X)→ A be two unital monomorphisms. When are φ1 and φ2 approximately unitarily equiv-
alent? or, when are there unitaries un ∈ A such that
lim
n→∞u
∗
nφ1(a)un = φ2(a)
for all a ∈ C(X)?
1.4. Let C be a unital stably finite C∗-algebra. Denote by T (C), throughout this paper, the
tracial state space of C.
Suppose that φ1, φ2 : C(X)→ A are two unital monomorphisms. Let τ ∈ T (A) be a tracial
state. Then τ ◦φj is a normalized positive linear functional (j = 1, 2). It gives a Borel probability
measure µj. Furthermore, it is strictly positive in the sense that µj(O) > 0 for every non-empty
open subset O ⊂ X. If φ1 and φ2 are approximately unitarily equivalent, then it is obvious that
µ1 = µ2, or equivalently, τ ◦ φ1 = τ ◦ φ2. In fact, one has the following :
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1.5. Let X be a compact metric space and let A be a unital simple AF-algebra with a unique
tracial state τ. Suppose that φ1, φ2 : C(X) → A are two unital monomorphisms. Then φ1 and
φ2 are approximately unitarily equivalent if and only if
(φ1)∗0 = (φ2)∗0 and τ ◦ φ1 = τ ◦ φ2.
Here (φi)∗0 is induced homomorphism from K0(C(X)) into K0(A). Note in the case that
X is connected and K0(A) has no infinitesimal elements, i.e., τ(p) = τ(q) implies [p] = [q] in
K0(A) for every projection p and q, as in the case that A = Mn, or in the case that A is a
UHF-algebra, the condition (φ1)∗0 = (φ2)∗0 is automatically satisfied if the two measures are
the same. Therefore, one may view that answer 1.5 is a generalization of 1.1.
Note also that K1(A) = {0}. In general, φj also gives another homomorphisms: (φj)∗1 :
K1(C(X))→ K1(A), j = 1, 2.
The above answer 1.5 follows from a much more general result which serves as a uniqueness
theorem in the Elliott program of classification of amenable C∗-algebras:
Theorem 1.6. ( Gong-Lin 1996 [16]) Let X be a compact metric space and let A be a unital
simple C∗-algebra with real rank zero, stable rank one, weakly unperforated K0(A) and with a
unique tracial state τ. Suppose that φ1, φ2 : C(X) → A are two unital monomorphisms. Then
φ1 and φ2 are approximately unitarily equivalent if and only if
[φ1] = [φ2] in KL(C(X), A) and τ ◦ φ1 = τ ◦ φ2.
In the case that K∗(C(X)) is torsion free, the condition that [φ1] = [φ2] in KL(C(X), A)
can be replaced by (φ1)∗i = (φ2)∗i, where (φj)∗i : Ki(C(X)) → Ki(A) (i = 0, 1 and j = 1, 2) is
the induced homomorphisms.
Recall that an AH-algebra is an inductive limit of C∗-algebras with the form PnMk(n)(C(Xn))Pn,
whereXn is (not necessarily connected) finite CW complex and Pn is a projection inMk(n)(C(Xn)).
More recently, for the situation that T (A) has no restriction, we have the following:
Theorem 1.7. ( [27]) Let C be a unital AH-algebra and let A be a unital separable simple
C∗-algebra with tracial rank zero. Suppose that φ1, φ2 : C → A are two unital monomorphisms.
Then φ1 and φ2 are approximately unitarily equivalent if and only if
[φ1] = [φ2] KL(C,A) and τ ◦ φ1 = τ ◦ φ2 for all τ ∈ T (A). (e 1.3)
Theorem 1.7 was established in the connection with the Elliott program. Versions of 1.7
plays important roles in the Elliott theory of classification of amenable C∗-algebras. It also
has application in the study of minimal dynamical systems (see [27], [36], [37], [38] and [25]).
More recently, Theorem 1.7 is used to study the so-called Basic Homotopy Lemma (in simple
C∗-algebras with real rank zero—see [29]) and the asymptotic unitary equivalence in simple
C∗-algebras with tracial rank zero ([31]) which, in turn, plays crucial roles in the recent work
of AF-embedding ([32]) and classification of amenable simple finite C∗-algebras which are not
of finite tracial rank (see [52] and [33]). It is now clear that approximately unitary equivalence
and asymptotic unitary equivalence in simple C∗-algebras with tracial rank one becomes very
important and useful. Moreover, to establish a theorem about asymptotic unitary equivalence
in simple C∗-algebras with tracial rank one, one has first to establish a theorem about ap-
proximately unitary equivalence which can also be used to establish required Basic Homotopy
Lemmas. This is the main purpose of this paper.
A consequence of the main results of this paper may be stated as follows:
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Theorem 1.8. Let C be a unital AH-algebra with property (J) and let A be a unital simple
C∗-algebra with TR(A) ≤ 1. Suppose that φ,ψ : C → A are two unital monomorphisms. Then
φ and ψ are approximately unitarily equivalent if and only if
[φ] = [ψ] in KL(C,A), (e 1.4)
φ♯ = ψ♯ and φ
‡ = ψ‡. (e 1.5)
(See 2.7 and 2.12 for the definition of φ‡ and φ♯, and see 11.4 for the property (J)). It should
be noted that it is an approximate version of the above which actually plays the role in the
subsequent papers.
The paper is organized as follows. Section 2 collects some notation and conventions which
will be used throughout the paper. Section 3 contains a generalization of a theorem of Elliott,
Gong and Li which will be used at the end of the paper. In section 4, we show that two ap-
proximately multiplicative completely positive linear maps from C(X) to a finite dimensional
C∗-algebra are almost unitarily equivalent if they induce the same KK-information and satisfy
some rigidity conditions, where X is a path connected compact metric space. These are refor-
mulation of results in [27]. Section 5 contains a version of the so-called Basic Homotopy Lemma
which is a reformulation of some results in [29]. Section 6 contains the following result. Two
homomorphisms from C(X) into a finite dimensional C∗-algebra are unitarily equivalent, mod-
ulo a small homotopy, if they are close to each other and they are “very injective” in a measure
theoretic sense. In section 7, by applying the Basic Homotopy Lemma in section 5, we show that
two unital unitarily equivalent homomorphisms from C(X) into a finite dimensional C∗-algebra
are homotopic by a nearby path, if they are also close and “very injective”, at least for some
special finite CW complexes. In section 8, we establish the following. With the restriction of
X as in section 7, an approximately multiplicative contractive completely positive linear map
φ : C(X) → C([0, 1],Mn) (for any n) is close to a homomorphism provided that the KK-map
induced by φ is consistent to a homomorphism and it is “very injective”. This is one of the main
technical lemma of the paper. In fact, section 3, 4, 5, 6 and 7 are all preparation for the proof
of Theorem 8.3. Section 9 contains a number of elementary results about simple C∗-algebras of
tracial rank one (or less). In section 10, we present the main result (Theorem 10.8). Finally, in
section 11, we present a number of variations of the main results in section 10.
Acknowledgments: This work began during the summer of 2007 when the author was
visiting the East China Normal University. Major part of this work was done when the author
was in the Fields Institute for Research in Mathematical Sciences in Fall 2007. The author
would like to take this opportunity to express his sincere gratitude to the support and great
research environment the Fields Institute provided during the Thematic Program on Operator
Algebras.
2 Some notation and definitions
2.1. Let X be a compact metric space, let x ∈ X and let a > 0. Denote by Ba(x) the open
ball of X with radius a and center x. Let A be a unital C∗-algebra and ξ ∈ X. Denote by
πξ : C(X)→ A the point-evaluation defined by πξ(f) = f(ξ) · 1A for all f ∈ C(X).
2.2. Let A and B be two C∗-algebras and let L1, L2 : A→ B be two maps. Suppose that F ⊂ A
is a subset and ǫ > 0. We write
L1 ≈ǫ L2 on F
if ‖L1(a)− L2(a)‖ < ǫ for all a ∈ F .
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Map L1 is said to be ǫ-F-multiplicative if
‖L1(ab)− L1(a)L1(b)‖ < ǫ for all a, b ∈ F .
2.3. Let A be a C∗-algebra. Set M∞(A) = ∪∞n=1Mn(A).
2.4. Let A be a unital C∗-algebra. Denote by U(A) the unitary group of A. Denote by U0(A)
the normal subgroup of U(A) consisting of the path connected component of U(A) containing
the identity. Suppose that u ∈ U0(A) and {u(t) : t ∈ [0, 1]} is a continuous path with u(0) = u
and u(1) = 1. Denote by length({u(t)}) the length of the path. Put
cel(u) = inf{length({u(t)})}.
Definition 2.5. Let X be a compact metric space and let P ∈Ml(C(X)) be a projection. Put
C = PMl(C(X))P. Let u ∈ U(C). Define, as in [42],
DC(u) = inf{‖a‖ : a ∈ As.a such that det(eia · u) = 1}. (e 2.6)
2.6. Let A be a unital C∗-algebra. Denote by CU(A) the closure of the subgroup generated by
the commutators of U(A). For u ∈ U(A), we will use u¯ for the image of u in U(A)/CU(A).
If u¯, v¯ ∈ U(A)/CU(A), define
dist(u¯, v¯) = inf{‖x− y‖ : x, y ∈ U(A) such that x¯ = u¯, y¯ = v¯}.
If u, v ∈ U(A), then
dist(u¯, v¯) = inf{‖uv∗ − x‖ : x ∈ CU(A)}.
2.7. Let A and B be two unital C∗-algebras and let φ : A → B be a unital homomorphism.
It is easy to check that φ maps CU(A) to CU(B). Denote by φ‡ the homomorphism from
U(A)/CU(A) into U(B)/CU(B) induced by φ. We also use φ‡ for the homomorphism from
U(Mk(A))/CU(Mk(A)) into U(Mk(B))/CU(Mk(B)) (k = 1, 2, ...,).
Definition 2.8. Let A be a C∗-algebra. Following Dadarlat and Loring ([7]), denote
K(A) = ⊕i=0,1Ki(A)
⊕
i=0,1
⊕
k≥2
Ki(A,Z/kZ).
Let B be a unital C∗-algebra. If furthermore, A is assumed to be separable and satisfy the
Universal Coefficient Theorem ([45]), by [7],
HomΛ(K(A),K(B)) = KL(A,B).
Here KL(A,B) = KK(A,B)/Pext(K∗(A),K∗(B)) (see [7] for details).
Let k ≥ 1 be an integer. Denote
FkK(A) = ⊕i=0,1Ki(A)
⊕
n|k
Ki(A,Z/kZ).
Suppose that Ki(A) is finitely generated (i = 0, 2). It follows from [7] that there is an integer
k ≥ 1 such that
HomΛ(FkK(A), FkK(B)) = HomΛ(K(A),K(B)). (e 2.7)
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2.9. Let A and B be two unital C∗-algebras and let L : A→ B be a unital contractive completely
positive linear map. Let P ⊂ K(A) be a finite subset. It is well known that, for some small
δ and large finite subset G ⊂ A, if L is also δ-G-multiplicative, then [L]|P is well defined. In
what follows whenever we write [L]|P we mean δ is sufficiently small and G is sufficiently large
so that it is well defined (see 2.3 of [29]). If u ∈ U(A), we will use 〈L〉(u) for the unitary
L(u)|L(u)∗L(u)|−1.
For an integer m ≥ 1 and a finite subset U ⊂ U(Mm(A)), let F ⊂ U(A) be the subgroup
generated by U . As in 6.2 of [26], there exists a finite subset G and a small δ > 0 such that
a δ-G-multiplicative contractive completely positive linear map L induces a homomorphism
L‡ : F → U(Mm(B))/CU(Mm(B)). Moreover, we may assume, 〈L〉(u) = L‡(u¯).
If there are L1, L2 : A → B and ǫ > 0 is given. Suppose that both L1 and L2 are δ-G-
multiplicative and L‡1 and L
‡
2 are well defined on F , whenever, we write
dist(L‡1(u¯), L
‡
2(u¯)) < ǫ
for all u ∈ U , we also assume that δ is sufficiently small and G is sufficiently large so that
dist〈L1〉(u), 〈L2〉(u)) < ǫ for all u ∈ U .
Definition 2.10. Let A and B be two unital C∗-algebras. Let h : A→ B be a homomorphism
and v ∈ U(B) such that
h(g)v = vh(g) for all g ∈ A.
Thus we obtain a homomorphism h¯ : A ⊗ C(T) → B by h¯(f ⊗ g) = h(f)g(v) for f ∈ A and
g ∈ C(T). The tensor product induces two injective homomorphisms:
β(0) : K0(A)→ K1(A⊗ C(T)) and (e 2.8)
β(1) : K1(A)→ K0(A⊗ C(T)). (e 2.9)
The second one is the usual Bott map. Note, in this way, one writes
Ki(A⊗C(T)) = Ki(A)⊕ β(i−1)(Ki−1(A)).
We use β̂(i) : Ki(A⊗ C(T))→ β(i−1)(Ki−1(A)) for the projection to β(i−1)(Ki−1(A)).
For each integer k ≥ 2, one also obtains the following injective homomorphisms:
β
(i)
k : Ki(A,Z/kZ))→ Ki−1(A⊗ C(T),Z/kZ), i = 0, 1. (e 2.10)
Thus we write
Ki−1(A⊗C(T),Z/kZ) = Ki−1(A,Z/kZ)⊕ β(i)k (Ki(A,Z/kZ)), i = 0, 1. (e 2.11)
Denote by β̂
(i)
k : Ki(A⊗C(T),Z/kZ)→ β(i−1)k (Ki−1(A,Z/kZ)) similarly to that of β̂(i)., i = 1, 2.
If x ∈ K(A), we use β(x) for β(i)(x) if x ∈ Ki(A) and for β(i)k (x) if x ∈ Ki(A,Z/kZ). Thus
we have a map β : K(A) → K(A ⊗ C(T)) as well as β̂ : K(A ⊗ C(T)) → β(K(A)). Therefore
one may write K(A⊗C(T)) = K(A)⊕β(K(A)). On the other hand h¯ induces homomorphisms
h¯∗i,k : Ki(A⊗ C(T)),Z/kZ)→ Ki(B,Z/kZ), k = 0, 2, ..., and i = 0, 1.
We use Bott(h, v) for all homomorphisms h¯∗i,k ◦ β(i)k . We write
Bott(h, v) = 0,
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if h¯∗i,k ◦ β(i)k = 0 for all k ≥ 1 and i = 0, 1. We will use bott1(h, v) for the homomorphism
h¯1,0◦β(1) : K1(A)→ K0(B), and bott0(h, u) for the homomorphism h¯0,0◦β(0) : K0(A)→ K1(B).
Since A is unital, if bott0(h, v) = 0, then [v] = 0 in K1(B).
In what follows, we will use z for the standard generator of C(T) and we will often identify T
with the unit circle without further explanation. With this identification z is the identity map
from the circle to the circle.
2.11. Given a finite subset P ⊂ K(A), there exists a finite subset F ⊂ A and δ0 > 0 such that
Bott(h, v)|P
is well defined, if
‖[h(a), v]‖ = ‖h(a)v − vh(a)‖ < δ0 for all a ∈ F
(see 2.10 of [29]). There is δ1 > 0 ([39]) such that bott1(u, v) is well defined for any pair of
unitaries u and v such that ‖[u, v]‖ < δ1. As in 2.2 of [13], if v1, v2, ..., vn are unitaries such that
‖[u, vj ]‖ < δ1/n, j = 1, 2, ..., n,
then
bott1(u, v1v2 · · · vn) =
n∑
j=1
bott1(u, vj).
By considering unitaries z ∈ A˜⊗ C (C = Cn for some commutative C∗-algebra with torsion
K0 and C = SCn), from the above, for a given unital C
∗-algebra A and a given finite subset
P ⊂ K(A), one obtains a universal constant δ > 0 and a finite subset F ⊂ A satisfying the
following:
Bott(h, vj)|P is well defined and Bott(h, v1v2 · · · vn) =
n∑
j=1
Bott(h, vj), (e 2.12)
for any unital homomorphism h and unitaries v1, v2, ..., vn for which
‖[h(a), vj ]‖ < δ/n, j = 1, 2, ..., n, for all a ∈ F . (e 2.13)
If furthermore, Ki(A) is finitely generated, then (e 2.7) holds. Therefore, there is a finite
subset Q ⊂ K(A), such that
Bott(h, v)
is well defined if Bott(h, v)|Q is well defined (see also 2.3 of [29]). See Section 2 of [29] for the
further information.
2.12. Let A be a unital C∗-algebra. Denote by T (A) the tracial state space of A. Suppose that
T (A) 6= ∅. Let B be another unital C∗-algebra with T (B) 6= ∅. Suppose that φ : A → B is a
unital homomorphism. Denote by φ♯ : Aff(T (A)) → Aff(T (B)) the positive homomorphism
defined by φ♯(aˆ)(τ) = τ ◦ φ(a) for all a ∈ As.a.
2.13. Let X be a compact metric space and let A be a unital C∗-algebra with T (A) 6= ∅. Let
L : C(X) → A be a unital positive linear map. For each τ ∈ T (A) denote by µτ◦L the Borel
probability measure induced by τ ◦ L.
7
2.14. Let X1,X2, ...,Xm be compact metric spaces. Fix a base point ξi ∈ Xi, i = 1, 2, ...,m.
We write X1 ∨ X2 ∨ · · · ∨ Xm the space resulted by gluing X1,X2, ...,Xm together at ξi (by
identifying all base points at one point ξ1). Denote by ξ0 the common point. If x, y ∈ Xi, then
dist(x, y) is defined to be the same as that in Xi. If x ∈ Xi, y ∈ Xj with i 6= j, and x 6= ξ0,
y 6= ξ0, then we define
dist(x, y) = dist(x, ξ0) + dist(y, ξ0).
Definition 2.15. ([21]) Let A be a unital simple C∗-algebra. A is said to have tracial rank no
more than one (TR(A) ≤ 1) if the following hold: For any ǫ > 0, any a ∈ A+ \{0} and any finite
subset F ⊂ A there exists a projection p ∈ A and a C∗-subalgebra B = ⊕ki=1Mr(i)(C(Xi)),
where each Xi is a finite CW complex with covering dimension no more than 1, with 1B = p
such that
(1) ‖px− xp‖ < ǫ for all x ∈ F ,
(2) dist(pxp,B) < ǫ for all F and
(3) 1− p is equivalent to a projection in aAa.
If in the above definition, Xi can always be chosen to be a point, then we say A has tracial
rank zero and write TR(A) = 0. If TR(A) ≤ 1 but TR(A) 6= 0, then we write TR(A) = 1 and
say A has tracial rank one. By 7.1 of [21], if TR(A) ≤ 1, then A has TAI, i.e., in the above
definition, one may replace Xi by [0, 1] or by a point.
2.16. Let A be a unital separable simple C∗-algebra with TR(A) ≤ 1. Then A is tracially
approximately divisible: i.e., for any ǫ > 0, any finite subset F ⊂ A, any a ∈ A+ \ {0} and
any integer N ≥ 1, there exists a projection p ∈ A and a finite dimensional C∗-subalgebra
D = ⊕ki=1Mr(i) with r(j) ≥ N and with 1D = p such that
(1) ‖[x, y]‖ < ǫ for all x ∈ F and for all y ∈ D with ‖y‖ ≤ 1;
(2) 1− p is equivalent to a projection in aAa
(see 5.4 of [26]).
3 A uniqueness theorem
This section will not be used until the proof of 10.8.
Lemma 3.1. (Proposition 4.47’ of [14]) Let X be a connected simplicial complex, let F ⊂ C(X)
be a finite subset, let ǫ > 0, ǫ1 > 0 be positive numbers, and let N ≥ 1 be an integer. There
exists η1 > 0 with the following properties.
For any σ1 > 0 and any σ > 0, there exists a positive number η > 0 and an integer K > 4/ǫ
(which are independent of σ), there exists a positive number δ > 0, an integer L > 0 and a finite
subset G ⊂ C(X) satisfying the following:
Suppose that φ,ψ : C(X)→ PMn(C(Y ))P (where Y is a connected simplicial complex with
dimY ≤ 3), where rank(P ) ≥ L, are two unital homomorphisms such that
µτ◦φ(Oη1) ≥ σ1η1, µτ◦φ(Oη) ≥ ση for all τ ∈ T (PMn(C(X))P ) (e 3.14)
and for all open balls Oη1 with radius η1 and open balls Oη with radius η2, respectively, and
|τ ◦ φ(g) − τ ◦ ψ(g)| < δ for all g ∈ G. (e 3.15)
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Then there exist mutually orthogonal projections P0 and P1 (with P0 + P1 = P ), a unital
homomorphism φ1 : C(X) → P1(Mn(C(Y ))P1) factoring through C([0, 1]), and a unitary u ∈
P (Mn(C(Y )))P such that
‖φ(f)− [P0φ(f)P0 + φ1(f)]‖ < 1/4K and (e 3.16)
‖ad u ◦ ψ(f)− [P0(ad u ◦ ψ(f))P0 + φ1(f)]‖ < 1/4K for all f ∈ F , (e 3.17)
rankP0 ≥ rankP
K
, (e 3.18)
there are mutually orthogonal projections q1, q2, ..., qm ∈ P1(Mn(C(Y )))P1 and an ǫ1-dense subset
{x1, x2, ..., xm} such that
‖φ1(f)− [(P1 −
m∑
j=1
qj)φ1(f)(P1 −
m∑
j=1
qj) +
m∑
j=1
f(xj)qj]‖ < ǫ (e 3.19)
for all f ∈ F and
rank(qj) ≥ N · (rankP0 + 2dimY), j = 1, 2, ...,m. (e 3.20)
Proof. This is a reformulation of Proposition 4.47’ of [14] and follows from that immediately.
We now will apply Proposition 4.47’ of [14]. Let ǫ > 0, ǫ1 > 0, N and F be given. Choose
η0 > 0 such that
|f(x)− f(x′)| < ǫ/2 for all f ∈ F . (e 3.21)
Choose ǫ2 = min{ǫ1/3N, η0/3N}. Let η′1 > 0 (in place of η) be as in Proposition 4.47’ of [14] for
ǫ/2, ǫ2 (in place of ǫ1) and F . Let σ1 > 0 and σ > 0. Put δ1 = σ1 · η′1/32. Let K > 4/ǫ and η˜ be
as in Proposition 4.47’ of [14] for the above ǫ/4, ǫ2 (in place of ǫ1) and δ1 ( in place of δ). Let
δ˜ = σ · η˜/32. Let L ≥ 1 be an integer and let G ⊂ C(X) be a finite subset which corresponds
the finite subset H in Proposition 4.47’ of [14]. Let η1 = η
′
1/32, η = η˜/32 and let 0 < δ < δ˜/4.
Suppose that φ and ψ satisfy the assumption of the lemma for the above η1, η, δ, K, L and G.
It follows that φ has the properties sdp(η1/32, δ1) and sdp(η˜/32, δ˜) (see 2.1 of [14]). One
then applies Proposition 4.47’ of [14] to obtain
‖φ(f)− [P0φ(f)P0 + φ1(f)]‖ < 1/4K and (e 3.22)
‖ad u ◦ ψ(f)− [P0(adu ◦ ψ(f))P0 + φ1(f)]‖ < 1/4K for all f ∈ F , (e 3.23)
and mutually orthogonal projections e1, e2, ..., em1 in P1(Mn(C(Y )))P1 and ǫ2/4-dense subset
{x′1, x′2, ..., x′m1} of X such that
‖φ1(f)− [(P1 −
m1∑
i=1
ei)φ1(f)(P1 −
m1∑
i=1
ei) +
m1∑
i=1
f(x′i)ei]‖ < ǫ/2 (e 3.24)
for all f ∈ F ,
rankP0 ≥ rankP
K
and rankei ≥ rankP0 + 2dimY. (e 3.25)
Since there are at least N many disjoint open balls with radius ǫ2 in an open ball of radius
ǫ1, by moving points within Nǫ2 < min{ǫ1/2, η0}, by (e 3.21), one may write
‖φ1(f)− [(P1 −
m1∑
i=1
ei)φ1(f)(P1 −
m1∑
i=1
ei) +
m∑
i=1
f(xi)qi]‖ < ǫ (e 3.26)
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for all f ∈ F and
rankqi ≥ N(rankP0 + 2dimY ), (e 3.27)
where
∑m
i=1 qi =
∑m1
i=1 ei.
The following is a generalization of Theorem 2.11 of [11]. The proof is essentially the same
but we will also apply [17].
Theorem 3.2. (cf. Theorem 2.11 of [11]) Let X be a finite simplicial complex, let F ⊂ C(X)
be a finite subset and let ǫ > 0. There exists η1 > 0 with the following property.
For any σ1 > 0 and σ > 0, there exists η > 0 and an integer K (which are independent of
σ), there exists δ > 0, a finite subset G ⊂ C(X), a finite subset P ⊂ K(C(X)), a finite subset
U ⊂ P(1)(C(X))) and a positive integer L satisfying the following:
Suppose that φ,ψ : C(X) → PMk(C(Y ))P, where Y is a connected simplicial complex with
dimY ≤ 3, are two unital homomorphisms such that
µτ◦φ(Oη1) ≥ σ1η1 and µτ◦φ(Oη) ≥ ση (e 3.28)
for all open balls Oη1 with radius η1 and open balls Oη with radius η, and
|τ ◦ φ(g)− τ ◦ ψ(g)| < δ for all g ∈ G (e 3.29)
and for all τ ∈ T (PMk(C(Y ))P ),
rank(P ) ≥ L, (e 3.30)
[φ]|P = [ψ]|P and (e 3.31)
dist(φ‡(z¯), ψ‡(z¯)) < 1/8Kπ (e 3.32)
for all z ∈ U . Then there exists a unitary u ∈ PMk(C(X))P such that
‖φ(f)− adu ◦ ψ(f)‖ < ǫ for all f ∈ F . (e 3.33)
Proof. It is clear that we may assume that X is connected. Since X is a simplicial simplex,
there is k0 ≥ 1 such that for any unital separable C∗-algebra A,
HomΛ(K(C(X)),K(A)) = HomΛ(Fk0K(C(X)), Fk0K(A))
(see [7]).
Let Cj be a commutative C
∗-algebra with K0(Cj) = Z/jZ andK1(Cj) = {0}, j = 1, 2, ..., k0.
Put D0 = C(X) and Dj = (C(X) ⊗ Cj )˜, j = 1, 2, ..., k0 . There is an integer m1 ≥ 1 such that
U(Mm1(Dj))/U0(Mm1(Dj)) = K1(Dj), j = 0, 1, 2, ..., k0 . Put N1 = (m1)
2. Let r : N → N such
that r(n) = 3k0n. Let b : U(M∞(C(X)))→ R+ be defined by b(u) = (8 + 2N1)π.
Let ǫ > 0 and F be given. We may assume, without loss of generality, that F is in the
unit ball of C(X). Let 1 > δ1 > 0 (in place of δ), let G1 ⊂ C(X), let l ≥ 1 be an integer, let
P0 ⊂ P(0)(C(X)) and let U ⊂ P(1)(C(X)) be as required by Theorem 1.1 of [17] for ǫ/4 and F
(and for the above r and b). We may assume that U ⊂ ∪k0j=0Mm1(Dj)). We may also assume
that there is l1 ≥ 1 such that P0 ⊂ ∪k0j=0Ml1(Dj).
We also assume that, for any unital C∗-algebra A, if u is a unitary and e is a projection for
which
‖eu− ue‖ < δ′,
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there is a unitary v ∈ eAe such that
‖eue− v‖ < 2δ′
for any 0 < δ′ < δ1.
Set F1 = F ∪ G1. Let ǫ1 > 0 be such that
|f(x)− f(x′)| < ǫ/4 for all f ∈ F1, (e 3.34)
if dist(x, x′) < ǫ1.
Put N = l + 1 and ǫ2 = min{δ1/4, ǫ/4}. Let η1 > 0 be required by 3.1 for ǫ/2 (in place of
ǫ), ǫ1, F1 (in place of F) and N. Fix σ1 > 0. Let η > 0 and K1 > 4N1/ǫ2 (in place of K) be
required by 3.1. Fix σ > 0. Let δ > 0, an integer L > 0 and let G ⊂ C(X) be a finite subset
required by 3.1 for ǫ2 ( in place of ǫ), F1 ( in place of F), σ, σ1, and N.
We may assume that G ⊃ F1. Let P ⊂ K(C(X)) be a finite subset which consists of the
image of P0 and image of U in K(C(X)), and let K = 2N1K1.
Now suppose that φ,ψ : C(X) → PMk(C(Y ))P are unital homomorphisms such that
(e 3.28), (e 3.29), (e 3.30), (e 3.31) and (e 3.32) hold. It follows from 3.1 that there are mutually
orthogonal projections P0 and P1 with P0 + P1 = P, a unital homomorphism φ1 : C(X) →
P1(Mn(C(Y ))P1) factoring through C([0, 1]), and a unitary v ∈ P (Mn(C(Y )))P such that
‖φ(f)− [P0φ(f)P0 + φ1(f)]‖ < 1/4K1 and (e 3.35)
‖ad v ◦ ψ(f)− [P0(ad v ◦ ψ(f))P0 + φ1(f)]‖ < 1/4K1 for all f ∈ F1, (e 3.36)
rankP0 ≥ rankP
K1
, (e 3.37)
there are mutually orthogonal projections q1, q2, ..., qm ∈ P1(Mn(C(Y )))P1 and an ǫ1-dense
subset {x1, x2, ..., xm} such that
‖φ1(f)− [(P1 −
m∑
j=1
qj)φ1(f)(P1 −
m∑
j=1
qj) +
m∑
j=1
f(xj)qj]‖ < ǫ2 (e 3.38)
for all f ∈ F1 and
rank(qj) ≥ N(rankP0 + 2dimY ), j = 1, 2, ...,m. (e 3.39)
Note that 1/4K1 < δ1/16(N1). For each Cj, we may assume that Cj = C0(Zj \ {ξj}), where
Zj is a path connected CW complex with K0(Zj) = Z⊕Z/jZ and K1(Zj) = {0} and ξj ∈ Zj is
a point. j = 1, 2, ..., k0 .
For each z ∈ U and z ∈Mm1(Dj), denote by z1 = (φ˜⊗idm1)(z) and z2 = ( ˜ad v ◦ ψ)⊗idm1(z),
where φ˜, ˜ad v ◦ ψ : Dj → (C(Y )⊗ Cj )˜ is the induced homomorphism.
Identifying (Mk(C(Y ) ⊗ Cj )˜) with a C∗-subalgebra of C(Zj,Mk(C(Y ))) and denote by P ′0
the constant projection which is P0 at each point of Zj and denote by P
′ the constant projection
which is P at each point of Zj. There are unitaries z
′
1, z
′
2 ∈ Mm1(P ′0Mk((C(Y ) ⊗ Cj)P ′0)˜) such
that
‖z′1 − P¯0z1P¯0‖ <
2N1
4K1
< δ1/8, ‖z′2 − P¯0z2P¯0‖ <
2N1
4K1
< δ1/8, (e 3.40)
‖z1 − z′1 ⊕ φ1(z)‖ <
3(N1)
2
4K1
< δ1/4 and ‖z2 − z′2 ⊕ φ1(z)‖ <
3(N1)
2
4K1
< δ1/4, (e 3.41)
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where P¯ = diag(
m1︷ ︸︸ ︷
P ′, P ′, ..., P ′) and P¯0 = diag(
m1︷ ︸︸ ︷
P ′0, P
′
0, ..., P
′
0). By (e 3.32), one computes that
dist(z′1 ⊕ φ1(z), (z′2 ⊕ φ1(z))) ≤
1
4Kπ
+
6N1
4K1
<
1 + 6N21π
4N1K1π
, (e 3.42)
where z′1 ⊕ φ1(z) and (z′2 ⊕ φ1(z))) are the images of z′1 ⊕ φ1(z) and z′2 ⊕ φ1(z)). It follows that
D((z′1(z
′
2)
∗ ⊕ (P¯ − P¯0)) < 1 + 6N
2
1π
4N1K1
, (e 3.43)
where D is the determinant defined in 2.5.
Since rankP0 ≥ rankPK1 , by Lemma 3.3 (2) of [42],
DP0Mk(C(Y ))P0(z
′
1(z
′
2)
∗) ≤ 1 + 6N
2
1π
4N1
. (e 3.44)
By the choice of P and the assumption (e 3.31), since dimY ≤ 3,
z′1(z
′
2)
∗ ⊕ diag(
3k0m1︷ ︸︸ ︷
P ′0, P
′
0, ..., P
′
0) ∈ U0(M3k0m1(P ′0Mk(Dj)P ′0)). (e 3.45)
By 3.4 of [42],
cel(z′1(z
′
2)
∗ ⊕ diag(
3k0m1︷ ︸︸ ︷
P ′0, P
′
0, ..., P
′
0)) ≤ (2N1π + π) + 6π ≤ (2N1 + 7)π (e 3.46)
for all z ∈ U . Denote by φ′ = P0φP0 and ψ′ = P0(adu◦ψ)P0. Then both are δ1-F1-multiplicative.
By the assumption (e 3.31),
[φ′]|P = [ψ′]|P . (e 3.47)
Since dimY ≤ 3, for any p ∈ P0, it follows that
[φ′](p)⊕ diag(
3k0l1︷ ︸︸ ︷
P0, P0, ..., P0) ∼ [ψ′](p)⊕ diag(
3k0l1︷ ︸︸ ︷
P0, P0, ..., P0) (e 3.48)
for all p ∈ P0. Note that 3k0l1 = r(l1) and (2N1 + 7)π + δ1/4 < b(z) for any z. Since (e 3.39)
holds, N ≥ l and {x1, x2, ..., xm} is ǫ1-dense in X, by Theorem 1.1 (and its remark) of [17], there
exists a unitary u1 ∈ (P0 +
∑m
j=1 qj)PMk(C(Y ))P (P0 +
∑m
j=1 qj) such that
‖u∗1(ψ′(f)⊕
m∑
j=1
f(xj)qj)u1 − φ′(f)⊕
m∑
j=1
f(xj)qj)‖ < ǫ/4 for all f ∈ F . (e 3.49)
Define u = (u1 ⊕ P − (P0 ⊕
∑m
j=1 qj)v ∈ PMk(C(Y ))P. Then, by (e 3.49), (e 3.38), (e 3.35) and
(e 3.36),
‖adu ◦ ψ(f)− φ(f)‖ < ǫ for all f ∈ F . (e 3.50)
Remark 3.3. This statement could also be used in the proof of [11] to simplify some steps.
The statement and the proof of the above theorem could be simplified a slightly if dimY ≤ 1
because of the following version of Theorem 3.2 of [16].
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Theorem 3.4. Let X be a compact metric space and L : U(M∞(A)) → R+ be a map. For
any ǫ > 0 and any finite subset F ⊂ C(X), there exists a positive number δ > 0, a finite subset
G, a finite subset P ⊂ K(C(X)), a finite subset U ⊂ U(M∞(A)), an integer l ≥ 1 and ǫ1 > 0
satisfying the following: if φ,ψ : C(X) → B, where B = ⊕mj=1C(Xj ,Mr(j)), Xj = [0, 1], or Xj
is a point, are two unital δ-G-multiplicative contractive completely positive linear maps with
[φ]|P = [ψ]|P and cel(φ(v)∗ψ(v)) ≤ L(u) (e 3.51)
for all v ∈ U , then there exists a unitary u ∈Mlm+1(B) such that
‖u∗diag(φ(f), σ(f))u − diag(ψ(f), σ(f))‖ < ǫ (e 3.52)
for all f ∈ F , where σ(f) = ∑mi=1 f(xi)ei for any ǫ1-dense set {x1, x2, ..., xm} and any set of
mutually orthogonal projections {e1, e2, ..., em} in Mlm(B) such that ei is equivalent to idMl(B).
To prove the above theorem, we note that B has stable rank one, K0-divisible rank T (n, k) =
[n/k] + 1, exponential length divisible rank E(L, n) = 8π + L/n (see also Remark 1.1 of [16]).
Therefore we have the following:
Corollary 3.5. Let X be a simplicial finite CW complex, let F ⊂ C(X) be a finite subset and
let ǫ > 0. There exists η1 > 0 with the following property .
For any σ1 > 0 and σ > 0, there exists η > 0 and an integer K (which are independent of
σ), there exists δ > 0, a finite subset G ⊂ C(X), a finite subset P ⊂ K(C(X)), a finite subset
U ⊂ U(M∞((C(X))) and a positive integer L satisfying the following:
Suppose that φ,ψ : C(X)→ B = ⊕mj=1C(Xj ,Mr(j)), where Xj = [0, 1], or Xj is a point, are
two unital homomorphisms such that
µτ◦φ(Oη1) ≥ σ1η1 and µτ◦φ(Oη) ≥ ση (e 3.53)
|τ ◦ φ(g)− τ ◦ ψ(g)| < δ for all g ∈ G (e 3.54)
and for all τ ∈ T (B),
min
j
{rank(r(j))} ≥ L, [φ]|P = [ψ]|P and (e 3.55)
dist(φ‡(z), ψ‡(z)) < 1/8Kπ (e 3.56)
for all z ∈ U . Then there exists a unitary u ∈ B such that
‖φ(f)− adu ◦ ψ(f)‖ < ǫ for all f ∈ F . (e 3.57)
4 Almost multiplicative maps in finite dimensional C∗-algebras
To begin, we would like to remind the reader that there exists a sequence of unital completely
positive linear maps φn : C(T× T)→Mn such that
lim
n→∞ ‖φn(f)φn(g) − φn(fg)‖ = 0 for all f, g ∈ C(T× T) (e 4.58)
and {φn} is away from homomorphisms (this was first discovered by D. Voiculescu [48]). There-
fore {φn} are not approximately unitarily equivalent to homomorphisms. This is because
[φn](b) 6= 0 where b is the bott element. However, even whenX is contractive, as long as dimX >
2, one always has a sequence of contractive completely positive linear maps φn : C(X) → Mn
such that (e 4.58) holds and {φn} is away from any homomorphisms (see Theorem 4.2 of [15]).
Therefore the condition on KK-theory (e 4.72) as well as the condition on the measure (e 4.74)
in 4.3 are essential.
The following is a version of Theorem 4.6 of [27] and follows from that immediately.
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Lemma 4.1. Let X be a compact metric space, let ǫ > 0 and F ⊂ C(X) be a finite subset.
There exists η > 0 which depends on ǫ and F for which
|f(x)− f(x′)| < ǫ/8 for all f ∈ F ,
if dist(x, x′) < η, and for which the following holds:
For any η/2-dense subset {x1, x2, ..., xm} and any integer s ≥ 1 for which Oi∩Oj = ∅ (i 6= j),
where
Oi = {x ∈ X : dist(xi, x) < η/2s},
and for any σ > 0 for which 1/2s > σ > 0, there exist δ > 0, a finite subset G ⊂ C(X) and a
finite subset P ⊂ K(C(X)) satisfying the following:
Suppose that φ,ψ : C(X)→ A (for any unital simple C∗-algebra with tracial rank zero, infi-
nite dimensional or finite dimensional) are two unital δ-G-multiplicative contractive completely
positive linear maps such that
[φ]|P = [ψ]|P , (e 4.59)
|τ ◦ φ(g)− τ ◦ ψ(g)| < δ for all g ∈ G, τ ∈ T (A) (e 4.60)
µτ◦φ(Oi) ≥ ση and µτ◦ψ(Oi) ≥ ση (e 4.61)
i = 1, 2, ...,m.
Then there exists a unitary u ∈ A such that
adu ◦ φ ≈ǫ ψ on F . (e 4.62)
Lemma 4.2. Let X be a compact metric space, let σ1 > 0, 1 > η1 > 0 and let σ > 0. For any
ǫ > 0 and any finite subset F ⊂ C(X), there exist η > 0 (which depends on ǫ and F but not σ1,
σ, or η1), δ > 0, a finite subset G (both depend on ǫ, F , σ1, σ and η1) satisfying the following:
Suppose that φ : C(X) → Mn (for any integer n ≥ 1) is a δ-G-multiplicative contractive
completely positive linear map such that
µτ◦φ(Oη1) ≥ σ1η1 and µτ◦φ(Oη) ≥ ση (e 4.63)
for all open balls with radius η1 and η, respectively.
Then there exists a unital homomorphism h : C(X)→Mn such that
|τ ◦ h(f)− τ ◦ φ(f)| < ǫ for all f ∈ F (e 4.64)
µτ◦h(Oη1) ≥ (σ1/2)η1 and µτ◦h(Oη) ≥ (σ/2)η (e 4.65)
for all τ ∈ T (A).
Proof. We apply Lemma 4.3 of [27]. Let γ > 0 and F1 ⊂ C(X) be a finite subset.
It follows from Lemma 4.3 of [27] that, for a choice of δ and G, there is a projection p ∈Mn
and a unital homomorphism h0 : C(X)→ pMnp such that
‖φ(f)− [(1− p)φ(f)(1− p) + h0(f)]‖ < γ for all f ∈ F1 (e 4.66)
and τ(1− p) < γ. (e 4.67)
Moreover, for any open ball Oη with radius η,∫
Oη
h0dµτ◦h0 > (σ/2)η (e 4.68)
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(note τ(pk) > (ση)/2 in the statement of 4.3 of [27]).
Let h1 : C(X) → (1 − p)Mn(1 − p) be a unital homomorphism and define h = h1 ⊕ h0.
Therefore
µτ◦h(Oη) > (σ/2)η (e 4.69)
for any open ball with radius η. Moreover,
|τ ◦ φ(f)− τ ◦ h(f)| < 2γ for all f ∈ F1. (e 4.70)
We choose γ < ǫ/2 and F1 ⊃ F . It is easy to see that, if we choose sufficiently small γ and
sufficiently large F1, we may also have
µτ◦h(Oη1) ≥ (σ1/2)η1.
Lemma 4.3. Let X be a path connected compact metric space, let ǫ > 0, F ⊂ C(X) be a finite
subset, let σ1 > 0, σ > 0 and 1 > η1 > 0. Then, there exists η > 0 (which depends on ǫ and
F but not σ1, σ or η1), δ > 0, a finite subset G ⊂ C(X) and a finite subset P ⊂ K(C(X))
satisfying the following:
Suppose that φ : C(X) → Mn (for any integer n ≥ 1) is a δ-G-multiplicative contractive
completely positive linear map such that
µτ◦φ(Oη) ≥ σ · η and µτ◦φ(Oη1) ≥ σ1 · η1 (e 4.71)
for all open balls with radius η and η1, respectively, and
[φ]|P = [πξ]|P (e 4.72)
for some point ξ ∈ X. Then there exists a unital homomorphism h : C(X)→Mn such that
‖φ(f)− h(f)‖ < ǫ for all f ∈ F , (e 4.73)
µτ◦h(Oη1) ≥ (σ1/2)η1 and µτ◦h(Oη) ≥ (σ/2)η. (e 4.74)
Proof. Fix ǫ > 0, a finite subset F ⊂ C(X), σ1, σ and 1 > η1 > 0. Let η2 > 0 be a positive
number such that
|f(x)− f(x′)| < ǫ/16,
if dist(x, x′) < η2. We may assume that η2 < η1. Let s, G1 (in place of G), δ1 (in place of δ) and
P ⊂ P(C(X)) as in 4.1 (for the above ǫ/2, η2 and σ).
Let η > 0, δ > 0 and a finite subset G ⊂ C(X) be as in Lemma 4.2 required for γ (in place
of ǫ), G1 ∪ F ( in place of F), σ ( with σ1 = σ) and η2 ( in place of η1) above.
Now suppose that φ : C(X) → Mn is a δ-G-multiplicative contractive completely positive
linear map satisfying the assumption with the above η, δ, G and P. By applying 4.2, one obtains
a unital homomorphism h1 : C(X)→Mn such that
|τ ◦ φ(g) − τ ◦ h1(g)| < δ1 for all g ∈ G1 (e 4.75)
µτ◦h1(Oη) ≥ (σ)/2)η and (e 4.76)
µτ◦h1(Oη2) ≥ (σ/2)η2. (e 4.77)
Since X is a path connected,
[h1] = [πξ].
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It follows that
[h1]|P = [φ]|P .
It then follows from 4.1 that there exists a unitary u ∈Mn such that
adu ◦ h ≈ǫ φ on F .
Put h = adu ◦ h1. One also has that
µτ◦h(Oη) = µτ◦h1(Oη) ≥ σ · η/2.
Note that, if one choose δ1 sufficiently smaller and G1 sufficiently larger, one may also require
that
µτ◦h(Oη1) ≥ (σ1/2)η1.
5 The Basic Homotopy Lemma revisited
The purpose of this section is to present Lemma 5.4. It is slightly different from Theorem 7.4
of [29]. We will give a brief proof.
We begin with an easy fact:
Lemma 5.1. Let X be a compact metric space and let A be a finite dimensional C∗-algebra.
Suppose that φ : C(X)→ A is a unital homomorphism and u ∈ A is a unitary such that
φ(f)u = uφ(f) for all f ∈ C(X).
Then there exists a continuous path of unitaries {u(t) : t ∈ [0, 1]} such that
u(0) = u, u(1) = u, φ(f)u(t) = u(t)φ(f) for all f ∈ C(X) and
Length({u(t)}) ≤ π.
Proof. Define H : C(X × T) → A by H(f ⊗ g) = φ(f)g(u) for f ∈ C(X) and g ∈ C(T). Note
that H(C(X)) is a commutative finite dimensional C∗-algebra. The lemma follows immediately.
Lemma 5.2. Let X be a compact path connected metric space, let ǫ > 0 and let F ⊂ C(X) be
a finite subset. There exists η > 0 such that the following holds:
For any σ > 0, there exists an integer s ≥ 1, δ > 0, a finite subset G ⊂ C(X) and a finite
subset P ⊂ K(C(X)) satisfying the following:
Suppose that φ : C(X) → Mn (for some integer n) is unital homomorphism and a unitary
u ∈ Mn such that there is δ-G-multiplicative contractive completely positive linear map Φ :
C(X × T)→Mn such that
‖Φ(f ⊗ 1)− φ(f)‖ < δ for all f ∈ G, ‖u− Φ(1⊗ z)‖ < δ, (e 5.78)
where z is the identity map on the unit circle,
Bott(φ, u)|P = {0} and (e 5.79)
µτ◦Φ(Oη/2s) ≥ ση (e 5.80)
for any open ball Oη/2s of X × T with radius η/2s.
Then there is a continuous path of unitaries {u(t) : t ∈ [0, 1]} such that
u(0) = u, u(1) = 1 ‖[φ(f), u(t)]‖ < ǫ for all f ∈ F and
length(({u(t)}) ≤ π + ǫπ.
16
Proof. Let ǫ > 0 and F be as in the statement. We may assume that ǫ < 1/4. Let Y = X × T
and
F1 = {f × g : f ∈ F ∪ {1}, g = 1 and g = z},
where z is the identity map of the unit circle.
Let η > 0 be as in Lemma 4.3 for F1 (instead of F) and ǫ/4 (instead of ǫ) for Y . Fix
σ1 = σ > 0 (and η1 = η). Let s ≥ 1, δ0 (in place of δ), G1 (in place of G) and Q ⊂ K(C(X ×T))
(in place of P) be as required by 4.3 for the above ǫ/4, F , η and σ1 (and for Y ). There is δ1 > 0,
a finite subset G1 ⊂ C(X × T) and a finite subset Q ⊂ β(K(C(X)) such that
[Ψ]|β(Q) = [πξ]|β(Q)
for any δ1-G1-multiplicative contractive completely positive linear map for which
‖Ψ(f ⊗ 1)− φ(f)‖ < δ1 for all f ∈ G1, ‖Φ(1⊗ z)− v‖ < δ1 (e 5.81)
and Bott(φ, v)|P = {0}, (e 5.82)
(for any unitary v ∈Mn satisfying the above).
Now suppose that φ and u satisfy the assumption for the above η, δ, G and P. It follows
from 4.3 that there is a unital homomorphism H : C(X × T)→Mn such that
‖Φ(g) −H(g)‖ < ǫ/4 for all g ∈ F1. (e 5.83)
It follows from 5.1 that there exist a continuous path of unitaries {u(t) : t ∈ [1/4, 1]} such
that
u(1/4) = H(1⊗ z), u(1) = 1, (e 5.84)
u(t)H(g ⊗ 1) = H(g ⊗ 1)u(t) for all g ∈ C(X), t ∈ and (e 5.85)
Length({u(t) : t ∈ [1/4, 1]}) ≤ π. (e 5.86)
Since
‖u−H(1⊗ z)‖ < ǫ/2,
There is a continuous path of unitaries {u(t) : t ∈ [0, 1/4]} such that
u(0) = u, u(1/4) = H(1⊗ z) and Length({u(t) : t ∈ [0, 1/4]}) ≤ ǫ · π.
The lemma then follows.
Lemma 5.3. Let X be a compact metric space without isolated points, ǫ > 0 and 1 ∈ F ⊂
C(X) be a finite subset. Let l be a positive integer for which 256πM/l < ǫ, where M =
max{1,max{‖f‖ : f ∈ F}}. Then, there exists η > 0 (which depends on ǫ and F) for any
finite η/2-dense subset {x1, x2, ..., xN} of X for which Oi ∩Oj = ∅ (i 6= j),where
Oi = {x ∈ X : dist(x, xi) < η/2s}
for some integer s ≥ 1 and for any σ > 0 for which σ < 1/2s, and for any δ0 > 0 and any finite
subset G0 ⊂ C(X ⊗ T), there exists a finite subset G ⊂ C(X) and there exists δ > 0 satisfying
the following:
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Suppose that A is a unital separable simple C∗-algebra with tracial rank zero (infinite dimen-
sional or finite dimensional), h : C(X)→ A is a unital homomorphism and u ∈ A is a unitary
such that
‖[h(a), u]‖ < δ for all a ∈ G and µτ◦h(Oi) ≥ ση for all τ ∈ T (A). (e 5.87)
Then there is a δ0-G0-multiplicative contractive completely positive linear map φ : C(X) ⊗
C(T)→ A and a rectifiable continuous path {ut : t ∈ [0, 1]} such that
u0 = u, ‖[φ(a ⊗ 1), ut]‖ < ǫ for all a ∈ F , (e 5.88)
‖φ(a⊗ 1)− h(a)‖ < ǫ, ‖φ(a⊗ z)− h(a)u‖ < ǫ for all a ∈ F , (e 5.89)
where z ∈ C(T) is the standard unitary generator of C(T), and
µτ◦φ(O(xi × tj)) > σ1
2l
η, i = 1, 2, ...,m, j = 1, 2, ..., l (e 5.90)
for all τ ∈ T (A), where t1, t2, ..., tl are l points on the unit circle which divide T into l arcs
evenly and where
O(xi × tj) = {x× t ∈ X × T : dist(x, xi) < η/2s and dist(t, tj) < π/4sl} for all τ ∈ T (A)
(so that O(xi × tj) ∩O(xi′ × tj′) = ∅ if (i, j) 6= (i′, j′)). Moreover,
Length({ut}) ≤ π + ǫπ. (e 5.91)
Proof. The only difference of this lemma and Lemma 6.4 of [29] is that in the statement of
Lemma 6.4 of [29] h is a assumed to be monomorphism. However, for the case that A is infinite
dimensional, it is the condition that
µτ◦h(Oi) ≥ σ · η
for all τ ∈ T (A) which is actually used. The existence of a monomorphism h implies that A is
infinite dimensional.
In the case that Mn, pAp may not have enough projections, a modification is needed for the
case that A =Mn for some integer n. Let η > 0 be such that
|f(x)− f(x′)| < ǫ/32 for all f ∈ F ,
if dist(x, x′) < η. Suppose that y1, y2, ..., ym ∈ X and s1 ≥ 1 such that
Gi ∩Gj = ∅ if i 6= j,
where Gi = Bη1/2s1(yi), i = 1, 2, ...,m. Let {x1, x2, ..., x2ml} be another subset of X such that
each Gi contains 2l many points.
Now let δ0 and G0 be given. Then there is s > s1 such that
Oi ∩Oj = ∅, if i 6= j,
where Oj = Bη1/2s(xj), j = 1, 2, ...,m + 2l. Let 0 < σ < 1/2s. Let σ1 = 2lσ. Let δ and G be
required by Lemma 6.4 of [29] for the above ǫ, F , l, η, s, σ1, δ0 and G0.
Now suppose that h : C(X) → A is a unital homomorphism and u ∈ A is a unitary such
that
‖[h(f), u]‖ < δ for all f ∈ G and µτ◦h(Oi) ≥ ση.
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Then
µτ◦h(Gi) ≥ σ1η ≥ 2lση.
In particular pAp contains 2l− 1 mutually orthogonal and mutually equivalent non-zero projec-
tions. Thus the proof of Lemma 6.4 of [29] applies.
Lemma 5.4. Let X be a finite CW complex, F ⊂ C(X) be a finite subset and ǫ > 0 be a positive
number. Let σ > 0. There exists η > 0 (which depends on ǫ and F but not on σ), δ > 0, a finite
subset G ⊂ C(X) and a finite subset P ⊂ K(C(X)) satisfying the following:
Suppose that φ : C(X) → A, where A is a unital separable simple C∗-algebra with tracial
rank zero (infinite or finite dimensional), is a unital homomorphism with
µτ◦φ(Oη/2) ≥ ση (e 5.92)
for any open ball with radius η/2 and a unitary u ∈ A such that
‖[φ(g), u]‖ < δ for all g ∈ G and Bott(φ, u)|P = {0}. (e 5.93)
Then there exists a continuous path of unitaries {ut : t ∈ [0, 1]} such that
u0 = u, u1 = 1, ‖[φ(f), ut]‖ < ǫ (e 5.94)
for all f ∈ F and t ∈ [0, 1] and
length({ut}) ≤ 2π + ǫ.
Proof. For the case that A is infinite dimensional, the proof is exactly the same of that Theorem
7.4 of [29]. The proof is slightly different from that of Theorem 7.4 of [29] when A is finite
dimensional. However, it is a combination of 5.3 and 5.2 just as the proof of Theorem 7.4 of
[29].
Remark 5.5. Consider the case that A is finite dimensional. Let X be a finite CW complex.
Suppose that ψ : C(X × T) → A is a δ-G-multiplicative contractive completely positive linear
map. Since K1(Mn) = {0}, it is clear that, with sufficiently small δ > 0 and sufficiently large
finite subset G, [ψ]|β(0)(K0(C(X))) = {0}. It follows that
bott0(φ, u) = {0},
if ‖[φ(f), u]‖ < δ for any unitary and all f ∈ F for a sufficiently large finite subset F ⊂ C(X)
(and sufficiently small δ).
Fix an integer k.With sufficiently large G and sufficiently small δ, it is clear that [ψ]|β(K0(C(X)/kZ)) =
{0}. Suppose that K0(C(X)) is torsion free and [ψ]|β(K1(C(X))) = 0. It is then easy to check that
[ψ]|β(K1(C(X)/kZ)) = 0,
provided that δ is sufficiently small and G is sufficiently large.
From this, in the statement of Theorem 5.4, it suffices to replace K(C(X)) by K1(C(X))
and to replace (e 5.79) by
bott1(φ, u)|P = 0,
provided that K0(C(X)) is torsion free.
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6 Homotopy and unitary equivalence
Let X be a locally path connected compact metric space. Let φ,ψ : C(X) → A be two unital
homomorphisms, where A is a finite dimensional C∗-subalgebra. In this section, we will show
that φ and ψ, up to some homotopy, are unitary equivalent if they are close and they induce
similar measure. See 6.2 below.
Lemma 6.1. Let X be a connected compact metric space. For any η > 0 and σ > 0, there is
δ = (ση/16) and there is a finite subset G ⊂ C(X) such that if φ,ψ : C(X)→ A are two unital
homomorphisms, where A is a unital C∗-algebra with a tracial state τ, such that
|τ ◦ φ(g)− τ ◦ ψ(g)| < δ for all g ∈ G (e 6.95)
µτ◦φ(Oη/8) ≥ ση/8 and µτ◦ψ(Oη/8) ≥ ση/8, (e 6.96)
then, for any compact subset F ⊂ X,
µτ◦φ(F ) ≤ µτ◦ψ(Bη(F )) and µτ◦ψ(F ) ≤ µτ◦φ(Bη(F )), (e 6.97)
where
Bη(F ) = {x ∈ X : dist(x, F ) < η}.
Proof. There are finitely many open balls Bη/8(x1), Bη/8(x2), ..., Bη/8(xN ) with radius η/8 covers
X. It is an easy exercise to show that there is a finite subset G of C(X) satisfying the following:
if (e 6.95) holds, then, for any subset S of {1, 2, ..., N},
µτ◦φ(∪i∈SBη/8(xi)) ≤ µτ◦ψ(∪i∈SBη/4(xi)) + δ and (e 6.98)
µτ◦ψ(∪i∈SBη/8(xi)) ≤ µτ◦φ(∪i∈SBη/4(xi)) + δ. (e 6.99)
If ∪i∈SB3η/4(xi) = X, then
µτ◦φ(∪i∈SBη/8(xi)) ≤ µτ◦ψ(∪i∈SB3η/4(xi)) and (e 6.100)
µτ◦ψ(∪i∈SBη/8(xi)) ≤ µτ◦φ(∪i∈SB3η/4(xi)). (e 6.101)
Otherwise, since X is path connected, there is an open ball O of X with radius η/8 such
that
O ∩ (∪i∈SBη/4(xi)) = ∅ and O ⊂ ∪i∈SBη(xi).
Thus, by (e 6.98), (e 6.100) and (e 6.96),
µτ◦φ(∪i∈SBη/8(xi)) ≤ µτ◦ψ(∪i∈SBη(xi)). (e 6.102)
Now for any compact subset F, there is S ⊂ {1, 2, ..., N} such that
F ⊂ ∪i∈SBη/8(xi) and F ∩Bη/8(xi) 6= ∅ for all i ∈ S. (e 6.103)
It follows that
µτ◦φ(F ) ≤ µτ◦φ(∪i∈SBη/8(xi)) (e 6.104)
≤ µτ◦ψ(∪i∈SBη(xi)) ≤ µτ◦ψ(Bη(F )). (e 6.105)
Exactly the same argument shows that the other inequality of (e 6.97) also holds.
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Lemma 6.2. Let X be a locally path connected compact metric space without isolated points,
let ǫ > 0 and let F ⊂ C(X) be a finite subset. Let η > 0 be such that
|f(x)− f(x′)| < ǫ/2 for all f ∈ F ,
provided that dist(x, x′) < η and such that any open ball Bη with radius η is path connected.
Let σ > 0. There is δ > 0 and there exists a finite subset G ⊂ C(X) satisfying the following:
For any two unital homomorphisms φ,ψ : C(X)→Mn (for any n ≥ 1) for which
‖φ(f)− ψ(f)‖ < δ for all f ∈ G and (e 6.106)
µτ◦φ(Oη/24), µτ◦ψ(Oη/24) ≥ ση (e 6.107)
for any open balls with radius η/24, there exist two unital homomorphisms Φ1,Φ2 : C([0, 1],Mn)
such that
π0 ◦ Φ1 = φ, π0 ◦ Φ2 = ψ, (e 6.108)
‖πt ◦ Φ1(f)− φ(f)‖ < ǫ, ‖πt ◦Φ2(f)− ψ(f)‖ < ǫ (e 6.109)
for all f ∈ F and t ∈ [0, 1], and there is a unitary u ∈Mn such that
adu ◦ π1 ◦ Φ1 = π1 ◦Φ2. (e 6.110)
Proof. X is a union of finitely many connected and locally path connected compact metric
spaces. It is clear that the general case can be reduced to the case that X is a connected and
locally path connected compact metric space.
We will apply the so-called Marriage Lemma (see [18]). Let δ and G be in 6.1 corresponding
to η/3 and σ. We may assume that G ⊃ F . We may write that
φ(f) =
N1∑
i=1
f(xi)pi and ψ(f) =
N2∑
j=1
f(yj)qj (e 6.111)
for all f ∈ C(X), where {p1, p2, ..., pN1} and {q1, q2, ..., qN2} are two sets of mutually orthogonal
projections such that
∑N1
i=1 pi = 1 =
∑N2
j=1 qj.
By 6.1,
µτ◦φ(F ) < µτ◦ψ(Bη/3(F )) and µτ◦ψ(F ) < µτ◦φ(Bη/3(F )) (e 6.112)
for any compact subset F ⊂ X.
Suppose that pi has rank r(i). Choose r(i) many points {xi,1, xi,2, ..., xi,r(i)} ⊂ Bη/3(xi) and
define
φ1(f) =
N1∑
i=1
(
r(i)∑
k=1
f(xi,k)ei,k) for all f ∈ C(X),
where {ei,1, ei,2, ..., ei,r(i)} is a set of mutually orthogonal rank one projections such that
∑r(i)
k=1 ei,k =
pi. It follow that
µτ◦φ1(F ) ≤ µτ◦φ(Bη/3(F )) and µτ◦φ(F ) ≤ µτ◦φ1(Bη/3(F )) (e 6.113)
for any compact subset F ⊂ X. Since Bη(x) is path connected for every x ∈ X, there is a unital
homomorphism Φ1 : C(X)→ C([0, 1],Mn) such that
π0 ◦Φ1 = φ, π1 ◦ Φ1 = φ1 and (e 6.114)
‖πt ◦ Φ1(f)− φ(f)‖ < ǫ/2 for all g ∈ F and t ∈ [0, 1]. (e 6.115)
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We rewrite
φ1(f) =
n∑
i=1
f(x′i)ei for all f ∈ C(X), (e 6.116)
where each ei is a rank one projection and x
′
i is a point in X, i = 1, 2, ..., n, and
∑n
i=1 ei = 1.
Similarly, there is a unital homomorphism Φ′2 : C(X)→ C([0, 1/2],Mn) such that
π0 ◦ Φ′2 = ψ, π1/2 ◦ Φ′2 = ψ1 and (e 6.117)
‖πt ◦Φ′2(f)− ψ(f)‖ < ǫ/2 for all f ∈ F and t ∈ [0, 1/2], (e 6.118)
where
ψ1(f) =
n∑
i=1
f(y′i)e
′
i for all f ∈ C(X), (e 6.119)
where each e′i is a rank projection, y
′
i is a point in X, i = 1, 2, ..., n and
∑n
i=1 e
′
i = 1. Moreover,
µτ◦ψ1(F ) ≤ µτ◦ψ(Bη/3(F ) and µτ◦ψ(F ) ≤ µτ◦ψ1(Bη/3(F )) (e 6.120)
for any compact subset F ⊂ X. Combining (e 6.112), (e 6.113) and (e 6.120), one has
µτ◦φ1(F ) ≤ µτ◦φ(Bη/3(F )) < µτ◦ψ(B2η/3(F ) (e 6.121)
≤ µτ◦ψ1(Bη(F )) and (e 6.122)
µτ◦ψ1(F ) < µτ◦φ1(Bη(F )) (e 6.123)
for any compact subset F ⊂ X.
By the Marriage Lemma (see [18]), there is a permutation ∆ : {1, 2, ..., n} → {1, 2, ..., n}
such that
dist(x′i, y
′
∆(i)) < η, i = 1, 2, ..., n. (e 6.124)
Define ψ2 : C(X)→Mn by
ψ2(f) =
n∑
i=1
f(x′i)e
′
∆(i) for all f ∈ C(X). (e 6.125)
Since every open ball of radius η is path connected, one obtains another unital homomorphism
Φ′′2 : C(X)→ C([1/2, 1],Mn)
π1 ◦ Φ′′2 = ψ2, π1/2 ◦Φ′′2 = ψ1 and (e 6.126)
‖πt ◦Φ′2(f)− ψ1(f)‖ < ǫ/2 for all f ∈ F . (e 6.127)
Now define Φ2 : C([0, 1],Mn) by πt ◦ Φ2 = πt ◦ Φ′2 for t ∈ [0, 1/2] and πt ◦ Φ2 = πt ◦ Φ′′2 for
t ∈ [1/2, 1]. Then Φ1 and Φ2 satisfy (e 6.108) and (e 6.109). Moreover, by (e 6.116) and (e 6.125),
there exists a unitary u ∈Mn such that
adu ◦ φ1 = ψ2 = π1 ◦ Φ2.
Remark 6.3. If φ(f) =
∑N1
i=1 f(xi)pi as in the proof, let C0 be the finite dimensional commu-
tative C∗-subalgebra generated by mutually orthogonal projections {p1, p2, ..., pN1}. Then, we
actually proved that there is a finite dimensional commutative C∗-subalgebra C1 ⊃ C0 with
1C1 = 1C0 such that πt ◦ Φ(C(X)) ⊂ C1 for all t ∈ [0, 1]. Similarly, if ψ(f) =
∑N2
j=1 f(yi)qj,
let C ′0 be the finite dimensional commutative C
∗-subalgebra generated by mutually orthogonal
projections {q1, q2, ..., qN2}. Then, as in the proof, there is a finite dimensional commutative
C∗-subalgebra C ′1 ⊃ C ′0 with 1C′0 = 1C′1 such that πt ◦Ψ(C(X)) ⊂ C ′1 for all t ∈ [0, 1].
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7 Local homotopy lemmas
Lemma 7.1. Let X be a finite CW complex with torsion K1(C(X)) and torsion free K0(C(X)).
Let ǫ > 0, F ⊂ C(X) be a finite subset and let σ > 0. There exist η > 0 (which depends on ǫ
and F but not σ), a finite subset G ⊂ C(X) and δ > 0 satisfying the following:
Suppose that φ,ψ : C(X) → Mn (for any integer n) are two unital homomorphisms such
that
‖φ(f)− ψ(f)‖ < δ for all f ∈ G (e 7.128)
µτ◦φ(Oη) ≥ ση and µτ◦ψ(Oη) ≥ ση (e 7.129)
for any open ball Oη of radius η, where τ is the normalized trace on Mn, and
adu ◦ φ = ψ (e 7.130)
for some unitary u ∈ A. Then, there exists a homomorphism Φ : C(X) → C([0, 1],Mn) such
that
π0 ◦Φ = φ, π1 ◦Φ = ψ and
‖ψ(f)− πt ◦ Φ(f)‖ < ǫ for all f ∈ F .
Proof. It is easy to see that the general case can be reduced to the case that X is connected.
Let ǫ > 0, F ⊂ C(X) be a finite subset and let σ > 0. Let η1 > 0 (in place of η), δ > 0 and
a finite subset G ⊂ C(X) and a finite subset P ⊂ K(C(X)) be required by 5.4 for ǫ/2, F and
σ/2. Let η = η1/2.
By 5.5, we may assume that P ⊂ K1(C(X)). Since K1(C(X)) is torsion and K0(Mn) is free,
for sufficiently small δ and sufficiently large G, for any pair of φ and u for which ‖[φ(g), u]‖ < δ
for all g ∈ G,
bott1(φ, u)|P = 0.
We may assume that δ and G have this property. We may further assume that δ < ǫ/2 and
F ⊂ G.
Now we assume that φ, ψ and u satisfy the assumption of the lemma for the above η, δ and
G. Then
µτ◦φ(Oη1/2) ≥ ση1/2 = (σ/2)η1 and (e 7.131)
µτ◦ψ(Oη1/2) ≥ (σ/2)η1. (e 7.132)
By applying 5.4 and 5.5, one obtains a continuous path of unitaries {u(t) : t ∈ [0, 1]} such that
u(0) = u, u(1) = 1 and (e 7.133)
‖u(t)∗φ(f)u(t)− φ(f)‖ < ǫ/2 for all f ∈ F . (e 7.134)
Define Φ : C(X)→ C([0, 1],Mn) by
πt ◦Φ = adu(1− t) ◦ φ for all t ∈ [0, 1].
Then,
π0 ◦Φ = φ and π1 ◦ Φ = ψ.
Moreover, by (e 7.134) and (e 7.130),
‖ψ(f)− πt ◦ Φ(f)‖ < ǫ for all f ∈ F and t ∈ [0, 1].
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Lemma 7.2. Let X be a finite CW complex with torsion K1(C(X)) and let k be the largest
order of torsion elements in Ki(C(X)) (i = 0, 1). Let ǫ > 0, F ⊂ C(X) be a finite subset and
let σ > 0. There exist η > 0 (which depends on ǫ and F but not σ), a finite subset G ⊂ C(X)
and δ > 0 satisfying the following:
Suppose that φ,ψ : C(X) → Mn (for any integer n) are two unital homomorphisms such
that
‖φ(f)− ψ(f)‖ < δ for all f ∈ G, (e 7.135)
µτ◦φ(Oη) ≥ ση and µτ◦ψ(Oη) ≥ ση (e 7.136)
for any open ball Oη of radius η, where τ is the normalized trace on Mn, and
adu ◦ φ = ψ (e 7.137)
for some unitary u ∈ A. Then, there exists a homomorphism Φ : C(X) → Mk0(C([0, 1],Mn))
such that
π0 ◦ Φ = φ(k0), π1 ◦Φ = ψ(k0) and
‖ψ(k0)(f)− πt ◦Φ(f)‖ < ǫ for all f ∈ F ,
where k0 = k!, and φ
(k0)(f) = diag(
k0︷ ︸︸ ︷
φ(f), φ(f), ..., φ(f)) and ψ(k0)(f) = diag(
k0︷ ︸︸ ︷
ψ(f), ψ(f), ..., ψ(f))
for all f ∈ C(X), respectively.
Proof. By [6], one has
HomΛ(K(C(X)),K(Mn)) = HomΛ(FkK(C(X)), FkK(Mn)).
Let k0 = k!. It follows that
k0︷ ︸︸ ︷
λ+ λ+ · · ·+ λ = 0,
for any homomorphism λ from K1(C(X),Z/mZ) with m ≤ k0. Thus the lemma follows from
the proof of 7.1 (to φ(k0) and ψ(k0)). The point is that
Bott(φ(k0), u(k0))|P ′ = {0}
for any finite subset P ′ ⊂ K1(C(X),Z/mZ) for 0 ≤ m ≤ k0 as long as it is defined, where
u(k0) = diag(
k0︷ ︸︸ ︷
u, u, ..., u).
Lemma 7.3. Let X = T or X = I × T (with the product metric). Let F ⊂ C(X) be a finite
subset and let ǫ > 0. There exists η1 > 0 such that, for any σ1 > 0, the following holds: There
exists a finite subset G ⊂ C(X) and there exists η2 > 0 such that, for any σ2 > 0, there exists
δ > 0 satisfying the following:
Suppose that φ,ψ : C(X) → Mn (for some integer n) are two unital homomorphisms such
that
‖φ(f)− ψ(f)‖ < δ for all f ∈ G (e 7.138)
µτ◦φ(Oη1) ≥ σ1η1, µτ◦ψ(Oη1) ≥ σ1η1, (e 7.139)
µτ◦φ(Oη2) ≥ σ2η2 and µτ◦ψ(Oη2) ≥ σ2η2 (e 7.140)
for any open ball Oηj of radius ηj , j = 1, 2, where τ is the normalized trace on Mn, and
adu ◦ φ = ψ (e 7.141)
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for some unitary u ∈ Mn. Then, there exists a homomorphism Φ : C(X) → C([0, 1],Mn) such
that
π0 ◦ Φ = φ, π1 ◦ Φ = ψ and
‖ψ(f)− πt ◦ Φ(f)‖ < ǫ for all f ∈ F .
Proof. Let δ00 > 0 be satisfying the following: for any pair of unitaries u0, v0 in a unital C
∗-
algebra, bott1(u0, v0) is well defined whenever ‖[u0, v0]‖ < δ00. We will prove the case that
X = I×T. The proof for the case that X = T follows from the same argument but simpler. Let
ǫ > 0 and F be given as in the lemma. Let F1 = F ∪ {z}, where
z(t, e2πis) = e2πis for all t ∈ [0, 1] and s ∈ [0, 1].
Let η1 > 0 ( in place of η) be required by 5.4 for ǫ/4 (in place of ǫ) and F1 (in place of F).
Let σ1 > 0.
Let G ⊂ C(X) be a finite subset, let δ0 > 0 (in place of δ) and P ⊂ K(C(X)) be a subset
required by 5.4 for ǫ/4 ( in place of ǫ) and F1 ( in place of F) and σ1/2) (as well as forX = I×T).
Since K0(C(X)) = Z and K1(C(X)) = Z, without loss of generality, we may assume that
P = {[z]}. We assume that δ0 < δ00/2. We may also assume that δ0 satisfies the following: if
u1, u2 and v are unitaries with
‖u1 − u2‖ < δ0 and ‖[u1, v]‖ < δ0,
then
bott1(u1, v) = bott1(u2, v) (e 7.142)
(whenever ‖[u1, v]‖ < δ00/2). Let η′2 > 0 such that
|f(x)− f(x′)| < min{δ0/2, ǫ/16} for all f ∈ G ∪ F (e 7.143)
provided that dist(x, y) < η2. Choose an integer K > 1 such that 2π/K < min{η1/16, η′2/16}
and put η2 = π/4K. Let σ2 > 0. Choose δ = min{δ0/2, σ2η2/2}.
Suppose that φ and ψ satisfy the assumption of the lemma for the above G, η1, η2, σ1 σ2 and
δ. Let wj = e
2jπ
√−1/K and ζj = 1× wj, j = 1, 2, ...,K. Then, by the assumption,
µτ◦ψ(Bη2(ζj)) ≥ σ2η2 > 2δ, (e 7.144)
j = 1, 2, ...,K. Note that
Bη2(ζj) ∩Bη2(ζ ′j) = ∅, (e 7.145)
if j 6= j′, j, j′ = 1, 2, ...,K.
Write
ψ(f) =
N∑
l=1
f(xl)el for all f ∈ C(X), (e 7.146)
where {e1, e2, ..., eN } is a set of mutually orthogonal projections and x1, x2, ..., xN are distinct
points in X. Define
pj =
∑
xl∈Bη2 (ζj)
el, j = 1, 2, ....,K.
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By (e 7.144),
τ(pj) ≥ σ2η2, j = 1, 2...,K. (e 7.147)
Put
γ =
1
2πi
τ(log(u∗φ(z)uφ(z)∗)), (e 7.148)
where τ is the normalized trace on Mn. Then
|γ| < δ. (e 7.149)
We first assume that γ 6= 0. For convenience, we may assume that γ < 0. By the Exel formula
(see [12]), γ = m/n for some integer |m| < n.
For each j, there is a projection qj ≤ pj such that
τ(qj) = |γ| and qjel = elqj, j = 1, 2, ...,K, l = 1, 2, ..., N. (e 7.150)
There is a unitary v1 ∈ (
∑K
j=1 qj)Mn(
∑K
j=1 qj) such that
v∗1qjv1 = qj+1, j = 1, 2, ...,K − 1 and v∗1qKv1 = q1. (e 7.151)
Define v = (1−∑Kj=1 qj) + v1. Note that, by the choice of δ, we have
‖[uv, φ(f)]‖ < δ0 for all f ∈ G. (e 7.152)
Write xl = s× e2π
√−1tl , l = 1, 2, ..., N. Define z′ = (1−∑Kj=1 qj)ψ(z) +∑Kj=1wjqj. Then
‖ψ(z) − z′‖ < δ0 and v∗z′v = (1−
K∑
j=1
qj)ψ(z) +
K−1∑
j=1
wjqj+1 + wKq1. (e 7.153)
It follows that
1
2πi
τ(log(v∗z′v(z′)∗)) = τ(qj) = −γ. (e 7.154)
By the choice of δ0, we have that
1
2πi
τ(log(v∗ψ(z)vψ(z)∗) = τ(qj) = −γ. (e 7.155)
By the choice of δ0 (see also e 7.142) ) and the Exel formula, we have
1
2πi
τ(log(v∗u∗φ(z)uvφ(z)∗) =
1
2πi
τ(log(u∗φ(z)uφ(z)∗) +
1
2πi
τ(log(v∗φ(z)vφ(z)∗) (e 7.156)
=
1
2πi
τ(log(u∗φ(z)uφ(z)∗) +
1
2πi
τ(log(v∗ψ(z)vψ(z)∗) (e 7.157)
= γ − γ = 0. (e 7.158)
It follows from the Exel formula, bott1(φ, uv) = {0} and Bott(φ, uv)|P = {0}. It follows from
5.4 that there exists a continuous path of unitaries {u(t) : t ∈ [0, 1/2]} such that
u(0) = 1, u(1/2) = uv and ‖[φ(f), u(t)]‖ < ǫ/4 (e 7.159)
for all f ∈ F and for all t ∈ [0, 1/2].
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Define Φ1 : C(X)→ C([0, 1/2],Mn) by
πt ◦ Φ1(f) = u(t)∗φ(f)u(t) for all f ∈ C(X) and t ∈ [0, 1/2]. (e 7.160)
Then
‖πt ◦ Φ1(f)− φ(f)‖ < ǫ/2 for all f ∈ F and t ∈ [0, 1/2]. (e 7.161)
Let
qjψ(f) =
N(j)∑
k=1
f(ξk,j)e
′
k,j for all f ∈ C(X),
where {e′k,j} is a set of mutually orthogonal projections and ξk,j ∈ Bη2(ζj), j = 1, 2, ...,K. Note
that
v∗u∗φ(f)uv = ψ(f)(1−
K∑
j=1
qj) +
K∑
j=1
(
N(j)∑
k=1
f(ξk,j)v
∗
1e
′
k,jv1) (e 7.162)
for all f ∈ C(X). It is easy to find a homomorphism Φ2 : C(X) → C([1/2, 1],Mn) such that
(with qK+1 = q1, ek,K+1 = e
′
k,1 and ξk,K+1 = ξk,1)
π1/2 ◦ Φ2(f) = v∗u∗φ(f)uv, (e 7.163)
π3/4 ◦ Φ2(f) = ψ(f)((1−
K∑
j=1
qj) +
K∑
j=1
f(ζj)(
N(j)∑
k=1
v∗1e
′
k,jv1) (e 7.164)
= ψ(f)(1−
K+1∑
j=1
qj) +
K−1∑
j=1
f(ζj)qj+1 + f(ζK)q1 (e 7.165)
and
π1 ◦ Φ2(f) = ψ(f)(1 −
K∑
j=1
qj) +
K−1∑
j=1
(
N(j+1)∑
k=1
f(ξk,j+1)e
′
k,j+1) +
N(1)∑
k=1
f(ξk,1)e
′
k,1 (e 7.166)
= ψ(f) (e 7.167)
for all f ∈ C(X). Moreover,
‖πt ◦ Φ2(f)− ψ(f)‖ < ǫ/16 for all f ∈ F . (e 7.168)
Now define Φ : C(X)→ C([0, 1],Mn) by
πt ◦Φ = πt ◦ Φ1 for all t ∈ [0, 1/2] and πt ◦ Φ = πt ◦Φ2 for all t ∈ [1/2, 1]. (e 7.169)
One checks that
‖πt ◦ Φ(f)− φ(f)‖ < ǫ for all f ∈ F . (e 7.170)
Finally, if γ = 0, we do not need v and can apply 5.4 directly.
Remark 7.4. If φ(f) =
∑N
l=1 f(xl)pl be as in the proof, let C0 be the finite dimensional
commutative C∗-subalgebra generated by mutually orthogonal projections {p1, p2, ..., pl}. Then
Φ has the following properties: πt ◦ Φ(f) = u(t)∗φ(f)u(t) for t ∈ [0, 1/2], with u(0) = 1 and
u(1) = uv, πt ◦ Φ(f) ⊂ C1, where C1 ⊃ C0 is a finite dimensional commutative C∗-subalgebra.
From this, combining 6.2 and 6.3, we obtain the following which will be used in a subsequent
paper:
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Lemma 7.5. Let X = T or X = I × T (with the product metric). Let F ⊂ C(X) be a finite
subset and let ǫ > 0. Then there exists η1 > 0, for any σ1 > 0, satisfying the following: There
exists a finite subset G ⊂ C(X) and there exists η2 > 0 such that, for any σ2 > 0, there exists
δ > 0 such that the following holds:
Suppose that φ,ψ : C(X) → Mn (for some integer n) are two unital homomorphisms given
by
φ(f) =
N1∑
i=1
f(xi)pi and ψ(f) =
N2∑
j=1
f(yj)qj
for all f ∈ C(X), where {x1, x2, ..., xN1}, {y1, y2, ..., yN2} ⊂ X and where {p1, p2, ..., pN1} and
{q1, q2, ..., qN2} are two sets of mutually orthogonal projections, such that
‖φ(f)− ψ(f)‖ < δ for all f ∈ G (e 7.171)
µτ◦φ(Oηj ) ≥ σjηj , µτ◦ψ(Oηj ) ≥ σjηj (e 7.172)
for any open ball Oηj of radius ηj , j = 1, 2, where τ is the normalized trace on Mn. Then, there
exists a homomorphism Φ : C(X)→ C([0, 1],Mn) such that
π0 ◦ Φ = φ, π1 ◦ Φ = ψ and
‖ψ(f)− πt ◦ Φ(f)‖ < ǫ for all f ∈ F .
Moreover, πt ◦ Φ(C(X)) ⊂ C1 for t ∈ [0, 1/4], πt ◦ Φ(C(X)) ⊂ C2 for t ∈ [3/4, 1] and
πt ◦ Φ(f) = u(t)∗φ(f)u(t) for all t ∈ [1/4, 3/4] (e 7.173)
and for all f ∈ C(X), where C1 is a finite dimensional commutative C∗-subalgebra contain-
ing projections p1, p2, ..., pN1 , C2 is a finite dimensional commutative C
∗-subalgebra containing
q1, q2, ..., qN2 , u(1/4) = 1 and u(t) ∈ C([1/4, 3/4],Mn).
Definition 7.6. Let X be a compact metric space. It is said to satisfy the property (H) if the
following holds.
For any finite subset F ⊂ C(X) and for any ǫ > 0, There exists η1 > 0 such that, for any
σ1 > 0, the following holds: There exists a finite subset G ⊂ C(X) and η2 > 0, for any σ2 > 0,
there exists δ > 0 satisfying the following:
Suppose that φ,ψ : C(X) → Mn (for any integer n) are two unital homomorphisms such
that
‖φ(f)− ψ(f)‖ < δ for all f ∈ G (e 7.174)
µτ◦φ(Oηj ) ≥ σjηj , µτ◦ψ(Oηj ) ≥ σjηj (e 7.175)
for any open ball Oηj of X with radius ηj , j = 1, 2, where τ is the normalized trace on Mn, and
adu ◦ φ = ψ (e 7.176)
for some unitary u ∈ A. Then, there exists a homomorphism Φ : C(X) → C([0, 1],Mn) such
that
π0 ◦ Φ = φ, π1 ◦ Φ = ψ and
‖ψ(f)− πt ◦Φ(f)‖ < ǫ for all f ∈ F .
We have proved in 7.1 that if X is a finite CW complex with torsion K1(C(X)) and torsion
free K0(C(X), then X satisfies the property (H), and have proved in 7.3 that if X = T or
X = I × T, then X has the property (H).
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Lemma 7.7. Let X =
m︷ ︸︸ ︷
T ∨ T ∨ T ∨ · · · ∨ T∨Y, where Y is a finite CW complex with torsion
K1(C(Y ) and torsion free K0(C(Y )). Then X has the property (H).
Proof. Denote by Ti the i-th copy of T and denote by ξ0 ∈ Y the common point of Ti’s and Y.
We identify Ti with the unit circle and identify ξ0 with 1.
Let zi ∈ C(X) be defined as follows:
zi(e
2π
√−1t) = e2π
√−1t for e2π
√−1t ∈ Ti and (e 7.177)
zi(x) = 1 (e 7.178)
for all other points x ∈ X, i = 1, 2, ...,m. Let C0 ⊂ C(X) be a unital C∗-subalgebra which
consists of those continuous functions so that it is constant on X \ (Y \ {ξ0}). Note that C0 ∼=
C(Y ).
Let δ00 > 0 be as in the proof of 7.3. Let ǫ > 0 and finite subset F ⊂ C(X) be given.
Let F1 = F ∪ {z1, z2, ..., zm}. Let η1 > 0 be as in the proof of 7.3 and σ1 > 0. Let G ⊂ C(X),
δ0, P ⊂ K(C(X)) be as exactly in the proof of 7.3 (but for this X). We may assume that
P = {[z1], [z2], ..., [zm]} ∪ P1 where P1 can be identified with a finite subset of K(C0).
Let δ0 > 0 and η
′
2 > 0 be as in the proof of 7.3. Let K be as in the proof of 7.3. Fix an irra-
tional number θ ∈ (2π/8K, 2π/6K). Let η2 = π/16K and σ2 > 0. Choose δ = min{δ0, σ2η2/2}.
Suppose that φ and ψ satisfy the assumption (e 7.174), (e 7.175) and (e 7.176) for the above
η1, η2, σ1, σ2, G, and δ.
Let wj = e
(2jπ+θ)
√−1/K , j = 1, 2, ...,K. Choose ζj,i = wj be a point in Ti, i = 1, 2, ...,m.
Then, by the assumption,
µτ◦ψ(Bη2(ζj,i)) ≥ σ2η2 > 2δ, (e 7.179)
j = 1, 2, ...,K. Note that
Bη2(ζj,i) ∩Bη2(ζj′,i′) = ∅ (e 7.180)
if j 6= j′, j, j′ = 1, 2, ...,K, i, i′ = 1, 2, ...,m. Moreover, 1 6∈ Bη2(ζj,i), j = 1, 2, ...,K and i =
1, 2, ...,m.
Write
ψ(f) =
N∑
l=1
f(xl)el for all f ∈ C(X), (e 7.181)
where {e1, e2, ..., eN} is a set of mutually orthogonal projections and x1, x2, ..., xl are distinct
points in X. Define
pj,i =
∑
xl∈Bη2 (ζj,i)
el, j = 1, 2, ....,K.
By (e 7.179),
τ(pj,i) ≥ σ2η2, j = 1, 2...,K and i = 1, 2, ...,m. (e 7.182)
Put
γi =
1
2π
√−1τ(log(u
∗φ(zi)uφ(zi)∗)), (e 7.183)
where τ is the normalized trace on Mn. Then
|γi| < δ. (e 7.184)
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By the Exel’s formula (see [12]), γi = mi/ni for some integer |mi| < ni.
For each i and j, there is a projection qj,i ≤ pj,i such that
τ(qj,i) = |γi| and qj,iel = elqj,i, j = 1, 2, ...,K, i = 1, 2, ...,m and l = 1, 2, ..., N. (e 7.185)
There is a unitary vi ∈ (
∑K
j=1 qj,i)Mn(
∑K
j=1 qj,i) such that
v∗i qj,ivi = qj+1,i, j = 1, 2, ...,K − 1 and v∗i qK,ivi = q1,i, (e 7.186)
if γ < 0, and
v∗i qj,ivi = qj−1,i, j = 1, 2, ...,K − 1 and v∗i q1,ivi = qK,i, (e 7.187)
if γi > 0. If γi = 0, define vi = 1.
Define v = (1−∑mi=1∑Kj=1 qj,i) +∑mi=1 vi. Note that, by the choice of δ, we have
‖[uv, φ(f)]‖ < δ0 for all f ∈ G. (e 7.188)
Moreover, the same computation as in the proof of 7.3 shows that
1
2π
√−1τ(log((uv)
∗φ(zi)uvφ(zi)∗)) = 0, i = 1, 2, ...,m (e 7.189)
Then, using the Exel formula and 5.5, since K1(C(Y )) is torsion and K0(C(Y )) is torsion free,
one obtains that
Bott(φ, uv)|P = {0}. (e 7.190)
It follows from 5.4 that there exists a continuous path of unitaries {u(t) : t ∈ [0, 1/2]} ⊂ Mn
such that
u(0) = uv, u(1/2) = 1 and ‖[φ(f), uv]‖ < ǫ/4 (e 7.191)
for all f ∈ F and t ∈ [0, 1/2]. The rest of the proof is exactly the same as that of 7.3.
Lemma 7.8. Let X =
m︷ ︸︸ ︷
T× T× · · ·T. Then X has the property (H).
Proof. Define zi(e
2π
√−1t1 , e2π
√−1t2 , ..., e2π
√−1tm) = e2π
√−1ti , i = 1, 2, ...,m.
Let δ00 > 0 be as in the proof of 7.3. Let ǫ > 0, F ⊂ C(X) be a finite subset be given. Let
F1 = F ∪ {z1, z2, ..., zm}. Let η1 > 0 be as in the proof of 7.3 and let σ1 > 0. Let G ⊂ C(X),
δ0 > 0 and P ⊂ K(C(X)) be as in the proof of 7.3 (for this X).
SinceK0(C(X)) = Z
m andK1(C(X)) = Z
m, by 5.5, we may assume that P = {[z1], [z2], ..., [zm]}.
Let η2 > 0, σ2 > 0, K and θ be as in the proof 7.7.
Let wj = e
(2πj
√−1+θ)/K be as in the proof of 7.7. Choose ζj,i = (
i−1︷ ︸︸ ︷
1, ..., 1, wj ,
m−i︷ ︸︸ ︷
1, ..., 1), j =
1, 2, ...,K and i = 1, 2, ...,m. Note that
Bη2(ζj,i) ∩Bη2(ζj′,i′) = ∅ (e 7.192)
if j 6= j′, j, j′ = 1, 2, ...,K, i, i′ = 1, 2, ...,m. Moreover, 1 6∈ Bη2(ζj,i), j = 1, 2, ...,K and i =
1, 2, ...,m. Write
ψ(f) =
N∑
l=1
f(xl)el for all f ∈ C(X), (e 7.193)
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where {e1, e2, ..., eN} is a set of mutually orthogonal projections and x1, x2, ..., xl are distinct
points in X. Define
pj,i =
∑
xl∈Bη2 (ζj,i)
el, j = 1, 2, ....,K.
By (e 7.194),
τ(pj,i) ≥ σ2η2, j = 1, 2...,K and i = 1, 2, ...,m. (e 7.194)
Put
γi =
1
2π
√−1τ(log(u
∗φ(zi)uφ(zi)∗)), (e 7.195)
where τ is the normalized trace on Mn. Then
|γi| < δ. (e 7.196)
By the Exel’s formula (see [12]), γi = mi/ni for some integer |mi| < ni. For each i and j, there
is a projection qj,i ≤ pj,i such that
τ(qj,i) = |γi| and qj,iel = elqj,i, j = 1, 2, ...,K, i = 1, 2, ...,m and l = 1, 2, ..., N. (e 7.197)
There is a unitary vi ∈ (
∑K
j=1 qj,i)Mn(
∑K
j=1 qj,i) such that
v∗i qj,ivi = qj+1,i, j = 1, 2, ...,K − 1 and v∗i qK,ivi = q1,i, (e 7.198)
if γ < 0, and
v∗i qj,ivi = qj−1,i, j = 1, 2, ...,K − 1 and v∗i q1,ivi = qK,i, (e 7.199)
if γi > 0. If γi = 0, define vi = 1. Define v = (1 −
∑m
i=1
∑K
j=1 qj,i) +
∑m
i=1 vi. Note that, by the
choice of δ, we have
‖[uv, φ(f)]‖ < δ0 for all f ∈ G. (e 7.200)
Moreover, the same computation as in the proof of 7.3 shows that
1
2π
√−1τ(log((uv)
∗φ(zi)uvφ(zi)∗)) = 0, i = 1, 2, ...,m (e 7.201)
Then, using the Exel formula and 5.5, one obtains that
Bott(φ, uv)|P = {0}. (e 7.202)
It follows from 5.4 that there exists a continuous path of unitaries {u(t) : t ∈ [0, 1/2]} ⊂ Mn
such that
u(0) = uv, u(1/2) = 1 and ‖[φ(f), uv]‖ < ǫ/4 (e 7.203)
for all f ∈ F and t ∈ [0, 1/2]. The rest of the proof is exactly the same as that of 7.3.
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Theorem 7.9. Let X be a finite CW complex which has the property (H). Let ǫ > 0 be a positive
number and let F be a finite subset of C(X). There exists η1 > 0 such that, for each σ1 > 0, the
following holds: There exists η2 > 0 such that, for any σ2 > 0, there exists η3 > 0 such that, for
any σ3 > 0, there are a finite subset G ⊂ C(X) and δ > 0 satisfying the following: Suppose that
φ,ψ : C(X)→Mn (for some integer n) are two unital homomorphisms such that
‖φ(f)− ψ(f)‖ < δ for all f ∈ G, µτ◦φ(Oηj ) ≥ σjηj , µτ◦ψ(Oηj ) ≥ σjηj , (e 7.204)
(e 7.205)
for any open ball Oηj of radius ηj , j = 1, 2, 3 where τ is the normalized trace. Then, there exists
a homomorphism Φ : C(X)→ C([0, 1],Mn) such that
π0 ◦ Φ = φ, π1 ◦ Φ = ψ and
‖ψ(f)− πt ◦ Φ(f)‖ < ǫ for all f ∈ F .
Proof. It is clear that one can reduce the general case to the case that X is connected.
Let η′1 > 0 (in place of η1) be given by 7.6 for ǫ/2 and F . Let η1 = η′1/16. Let σ1 > 0. Let
G1 (in place of G) be a finite subset of C(X) and η′2 > 0 (in place of η2) be given by 7.6 for η′1
and σ1/16 (in place of σ1). Let σ2 > 0.
Choose δ1 (in place of δ) required by 7.6 for the given ǫ/2 > 0, F , G1, η′1, η′2 and σ2/16.
We may assume that η′2 < η1 and F ⊂ G. Denote η2 = η′2/16. We may assume that G1 is
larger than that G required by 6.1 for η′2/2 (in place of η) and σ2/16 (in place of σ). Choose
δ2 = min{δ1/2, σ2η2/64}. Let η0 > 0 be such that
|f(x)− f(x′)| < δ2/4 for all f ∈ G1,
provided that dist(x, x′) < η0.
Let 0 < η′3 ≤ min{η0/2, η′2/2}. We may also assume, by choosing a smaller η0, that any open
ball with radius η′3 is path connected. Let η3 = η
′
3/24 and let σ3 > 0. Let δ3 > 0 (in place of δ)
and let G ⊂ C(X) be a finite subset required by Lemma 6.2 for δ2/2 (in place of ǫ), G1 (in place
of F) and η′3 (in place of η) and σ3/24. Let δ = min{δ3/2, δ2/2}.
Now suppose that φ and ψ satisfy conditions (e 7.204) for the above η1, η2, η3, σ1, σ2, σ3, G
and δ. In particular,
µτ◦φ(Oη′3/24) ≥ (σ3/24)η′3 and µτ◦ψ(Oη′3/24) ≥ (σ3/24)η′3
for every open ball Oη′3/24 with radius η
′
3/24. It follows from 6.2 that there are unital homomor-
phisms Φi : C(X)→ C([0, 1],Mn) such that
π0 ◦ Φ1 = φ, π0 ◦Φ2 = ψ (e 7.206)
‖πt ◦Φ1(g)− φ(g)‖ < δ2/2 and ‖πt ◦ Φ2(g) − ψ(g)‖ < δ2/2 (e 7.207)
for all g ∈ G1 and t ∈ [0, 1], moreover, there is a unitary u ∈Mn such that
adu ◦ π1 ◦ Φ1 = π1 ◦Φ2. (e 7.208)
Note that
µτ◦φ(Oη′2/16) ≥ σ2η′2/16
It follows from the proof of 6.1 (with possibly larger G which depends on η2) that
µτ◦φ(Oη′2/16) ≤ µτ◦π1◦Φ1(Oη2) (e 7.209)
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It follows that
µτ◦π1◦Φ1(Oη′2) ≥ (σ2/16)η′2. (e 7.210)
Similarly,
µτ◦π1◦Φ2(Oη2) ≥ (σ2/16)η2. (e 7.211)
Moreover,
µτ◦π1◦Φ1(Oη′1) ≥ (σ1/16)η′1 and µτ◦π1◦Φ2(Oη′1) ≥ (σ1/16)η′1. (e 7.212)
Since X has the property (H), there is a unital homomorphism Φ3 : C(X)→ C([0, 1],Mn) such
that
π0 ◦ Φ3 = π1 ◦Φ1, π1 ◦Φ3 = π1 ◦ Φ2 and (e 7.213)
‖πt ◦ Φ3(f)− π1 ◦ Φ1(f)‖ < ǫ/2 for all f ∈ F . (e 7.214)
The theorem follows from the combination of (e 7.206), (e 7.207), (e 7.213) and (e 7.214).
8 Almost multiplicative maps
The purpose of this section is to prove Theorem 8.3 which states that an approximately mul-
tiplicative maps from C(X) (for those X which have the property (H) ) into C([0, 1],Mn) may
be approximated by homomorphisms if the KK-information they carry is the same as that of
homomorphisms and they are also sufficiently injective.
The following follows from a theorem of Terry Loring ([40].
Theorem 8.1. Let X be a finite CW complex with dimension 1. Let ǫ > 0 and let F ⊂ C(X) be
a finite subset. There exists δ > 0 and a finite subset G ⊂ C(X) satisfying the following: For any
unital δ-G-multiplicative contractive completely positive linear map φ : C(X) → C([0, 1],Mn)
(for any integer n), there is a unital homomorphism h : C(X)→ C([0, 1],Mn) such that
‖φ(f)− h(f)‖ < ǫ
for all f ∈ F .
Definition 8.2. Let X0 be the family of finite CW complexes which consists of all those with
dimension no more than one and all those which have property (H). Note that X0 contains all
finite CW complex X with finite K1(C(X)) and torsion free K0(C(X)), I×T, n-dimensional tori
and those with the form T∨ · · · ∨T∨Y with some finite CW complex Y with torsion K1(C(Y ))
and torsion free K0(C(Y )).
Let X be the family of finite CW complexes which contains all those in X0 and those with
torsion K1(C(X)).
Let X be a finite CW complex and let h : C(X)→ C([0, 1],Mn) be a unital homomorphism.
It is easy to see that there are finitely many mutually orthogonal projections p1, p2, ..., pm and
points ξ1, ξ2, ..., ξm in X with one point in each connected component such that
[h] = [Φ] in KK(C(X), C([0, 1],Mn)),
where Φ(f) =
∑m
i=1 f(ξi)pi for all f ∈ C(X).
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Theorem 8.3. Let X ∈ X0. Let ǫ > 0 and let F ⊂ C(X) be a finite subset. There exists η1 > 0
such that, for any σ1 > 0, there exists η2 > 0 such that, for any σ2 > 0, there exists η3 > 0 such
that, for any σ3 > 0, there exists a finite subset G, δ > 0, and a finite subset P ⊂ K(C(X))
satisfying the following:
Suppose that φ : C(X)→ C([0, 1],Mn)( for any integer n ≥ 1) is a unital δ-G-multiplicative
contractive completely positive linear map for which
µτ◦φ(Oηj ) ≥ σjηj (e 8.215)
for any open ball Oηj with radius ηj , j = 1, 2, 3, and for all tracial states τ of C([0, 1],Mn), and
[φ]|P = [Φ]|P , (e 8.216)
where Φ is a point-evaluation.
Then there exists a unital homomorphism h : C(X)→ C([0, 1],Mn) such that
‖φ(f)− h(f)‖ < ǫ (e 8.217)
for all f ∈ F .
Proof. The cases that need to be considered are those X which have property (H). We may
assume that X is connected and Φ = πξ for some point ξ ∈ X. Let ǫ > 0 and F ⊂ C(X) be
given.
Let η1 > 0 be required by 7.9 for ǫ/4 (in place of ǫ) and F above. Let σ1 > 0. Let η2 > 0 be
as required by 7.9 for ǫ/4 (in place of ǫ), F , η1 and σ1. Let σ2 > 0. Let η′3 > 0 (in place of η3)
be required by 7.9 for ǫ/4 (in place of ǫ), F , η1, η2, σ1 and σ2/4 (in place of σ2). Let σ3 > 0.
Let G1 ⊂ C(X) (in place of G) be a finite subset and δ1 > 0 (in place of δ) required by 7.9 for
ǫ/4, F , η1, η2, η′3 (in place of η3), and σj/4 (j = 1, 2, 3) as above. We may assume that F ⊂ G1.
Let G2 ⊂ C(X) be a finite subset which is larger than G1 and which also depends on η1 and σ1.
Let ǫ1 = min{ǫ/4, δ1/4}. Let η3 > 0 (in place of η), δ2 > 0 (in place of δ), G ⊂ C(X) be a
finite subset and P ⊂ K(C(X)) be a finite subset required by 4.3 for ǫ1 (in place of ǫ), G2 (in
place of F), σ2 (in place of σ1), σ3/2 (in place of σ) and η2 (in place of η1). We may assume
that η3 < min{η′3/2, η2/2}.
Suppose that φ satisfies the assumption of the theorem for the above ηj , σj (j = 1, 2, 3), δ, G
and P. Consider πt ◦ φ for each t ∈ [0, 1]. Note that K(C([0, 1],Mn)) = K(Mn). It follows that
[πt ◦ φ]|P = [πξ]|P . (e 8.218)
Note that
µτ◦φ(Oη3) ≥ σ3η3 and µτ◦φ(Oη2) ≥ σ2η2 (e 8.219)
for all open balls Oη3 with radius η3, all open balls Oη2 with radius η2 and for all tracial states
τ of C([0, 1],Mn).
By applying 4.3, one obtains, for each t ∈ [0, 1], a unital homomorphism ht : C(X) → Mn
such that
‖πt ◦ φ(g) − ht(g)‖ < δ1/4 for all g ∈ G1 (e 8.220)
µτ◦ht(Oη3) ≥ (σ3/2)η3 and µτ◦ht(Oη2) ≥ (σ2/2)η2, (e 8.221)
where τ is the unique tracial state on Mn. Note that, by choosing the large G2 (depends on ǫ1
and σ1) and smaller δ1, we may also assume that
µτ◦ht(Oη1) ≥ (σ1/2)η1. (e 8.222)
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There is a partition 0 = t0 < t1 < · · · < tm = 1 such that
‖πti ◦ φ(g)− πti−1 ◦ φ(g)‖ < δ1/4 for all g ∈ G1, (e 8.223)
i = 1, 2, ...,m. Therefore
‖hti(g) − hti−1(g)‖ < ‖hti(g)− πti ◦ φ(g)‖ (e 8.224)
+‖πti ◦ φ(g)− πti−1 ◦ φ(g)‖ + ‖πti−1 ◦ φ(g) − hti−1(g)‖ (e 8.225)
< δ1/4 + δ1/4 + δ1/4 < δ1 (e 8.226)
for all g ∈ G1. Thus, using (e 8.219) and (e 8.222), and, by applying 7.9, there exists, for each i,
a unital homomorphism Φi : C(X)→ C([ti−1, ti],Mn) such that
πti−1 ◦Φi = hti−1 , πti ◦ Φi = hti and ‖πt ◦Φi(f)− hti(f)‖ < ǫ/4 (e 8.227)
for all f ∈ F , i = 1, 2, ...,m.
Define h : C(X)→ C([0, 1],Mn) by
πt ◦ h = πt ◦Φi if t ∈ [ti−1, ti],
i = 1, 2, ...,m. It follows that
‖h(f)− φ(f)‖ < ǫ for all f ∈ F .
Lemma 8.4. Let X ∈ X. Let ǫ > 0 and F ⊂ C(X) be a finite subset. Suppose that k0 = k!,
where k is the largest finite order of torsion elements in Ki(C(X)), i = 0, 1.
There exists η1 > 0 such that, for any σ1 > 0, there exists η2 > 0 such that, for any σ2 > 0,
there exists η3 > 0 such that, for any σ3 > 0, the following holds: There is a finite subset
G ⊂ C(X), there is δ > 0 and there is a finite subset P ⊂ K(C(X)) satisfying the following:
Suppose that φ : C(X) → C([0, 1],Mn) is a unital δ-G-multiplicative contractive completely
positive linear map for which
µτ◦φ(Oηj ) ≥ σjηj (e 8.228)
for any open ball Oηj with radius ηj , j = 1, 2, 3, and for all tracial states τ of C([0, 1],Mn), and
[φ]|P = [Φ]|P , (e 8.229)
where Φ is a point-evaluation.
Then there exists a unital homomorphism h : C(X)→Mk0(C([0, 1],Mn)) such that
‖φ(k0)(f)− h(f)‖ < ǫ (e 8.230)
for all f ∈ F , where φ(k0)(f) = diag(
k0︷ ︸︸ ︷
φ(f), φ(f), ..., φ(f)) for all f ∈ C(X).
Proof. The proof is exactly the same as that of 8.3 but applying 7.2 instead.
Corollary 8.5. Let X ∈ X0. Let ǫ > 0, let F ⊂ C(X) be a finite subset and ∆ : (0, 1) → (0, 1)
be a non-decreasing map. There exists η > 0, a finite subset G, δ > 0, and a finite subset
P ⊂ K(C(X)) satisfying the following:
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Suppose that φ : C(X)→ C([0, 1],Mn)( for any integer n ≥ 1) is a unital δ-G-multiplicative
contractive completely positive linear map for which
µτ◦φ(Oa) ≥ ∆(a) (e 8.231)
for any open ball Oa with radius a ≥ η and for all tracial states τ of C([0, 1],Mn), and
[φ]|P = [Φ]|P , (e 8.232)
where Φ is a point-evaluation.
Then there exists a unital homomorphism h : C(X)→ C([0, 1],Mn) such that
‖φ(f)− h(f)‖ < ǫ (e 8.233)
for all f ∈ F .
Proof. Let ǫ > 0, F ⊂ C(X) be a finite subset and ∆ be given as described. Let η1 > 0 be
as required by 8.3. Let σ1 = ∆(η1)/η1). Let η2 > 0 be required by 8.3 for the above ǫ, F , η1
and σ2. Let σ2 = ∆(η2).η2. Let η3 > 0 be required by the above ǫ, F , ηj and σj , j = 1, 2. Let
σ3 = ∆(η3)/η3. Choose η = min{ηj : j = 1, 2, 3}. We then choose δ > 0, G and P as required
by 8.3 for the above ǫ, F , ηj and σj j = 1, 2, 3. Suppose that φ satisfies the assumption for the
above η, δ, G and P. Then φ satisfies the assumption of 8.3 for the above ηj , σj, δ and P. We
then apply 8.3.
Remark 8.6. Note that 8.4 also has its version of 8.5.
9 Simple C∗-algebras of tracial rank one
This section collects a number of elementary facts about simple C∗-algebras with tracial rank
one.
9.1. Let B = ⊕mj=1C(Xj,Mr(j)), where Xj = [0, 1] or Xj is a point. For j ≤ m, denote by tj,x
the normalized trace at x ∈ Xj for the j-th summand, i.e., if b ∈ B, then
tj,x(b) = τ(πj(b)(x)),
where πj : B → C([0, 1],Mr(j)) is the projection to the j-th summand, x ∈ Xj and τ is the
normalized trace on Mr(j).
Lemma 9.2. Let A be a unital simple separable C∗-algebra with tracial rank one or zero, let
ǫ > 0, let η > 0, let 0 < r < 1, let F ⊂ A be a finite subset and let a1, a2, ..., al, b1, b2, ..., bm ∈
A+ \ {0} be such that
τ(ai) ≥ σi and τ(bj) ≤ dj , for all τ ∈ T (A) (e 9.234)
for some σi > 0 and dj > 0, i = 1, 2, ..., l and j = 1, 2, ...,m.
Then there exists a projection p ∈ A and a C∗-subalgebra B = ⊕Kk=1C(Xk,Mr(j)), where
Xk = [0, 1] or Xk is a point, with 1B = p such that
‖pc− cp‖ < ǫ, dist(pcp,B) < ǫ for all c ∈ F , (e 9.235)
τ(1− p) < η for all τ ∈ T (A), (e 9.236)
tk,x(L(ai)) ≥ r · σi and tk,x(L(bj)) ≤ 1
r
dj , (e 9.237)
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for i = 1, 2, ..., l, j = 1, 2, ...,m, for each x ∈ Xk and k = 1, 2, ...,K, for each normalized trace
tj,x at each x ∈ Xj , for each of the j-th summand of B, and for any L(ai), L(bj) ∈ B+ with
‖L(ai)− paip‖ < ǫ and ‖L(bj)− pbjp‖ < ǫ (e 9.238)
Proof. There exists of a sequence of projections pn ∈ A such that
lim
n→∞ ‖cpn − pnc‖ = 0 for all c ∈ A, (e 9.239)
and there exists a sequence of C∗-subalgebras Bn = ⊕m(n)j=1 C(Xj,n,Mr(j,n)) (where Xj,n = [0, 1]
or X is a single point) such that
lim
n→∞ dist(pncpn, Bn) = 0 and limn→∞ supτ∈T (A)
{τ(1 − pn)} = 0. (e 9.240)
There exists a contractive completely positive linear map Ln : pnApn → Bn such that
lim
n→∞ ‖Ln(a)− pnapn‖ = 0 for all a ∈ A
(see 2.3.9 of [22]).
Let 1 > r > 0. Suppose that there exists i (or j) and there exists a subsequence {nk}, {jk}
and {xk} ∈ [0, 1] such that
tjk,xk(πjk(Lk(ai))) < r · σi (or tjk,xk(πj, k(Lk(bj))) >
1
r
dj) (e 9.241)
for all k. Define a state Tk : A → C by Tk(a) = tjk,xk(a), k = 1, 2, .... Let T be a limit point.
Note Tk(1A) = 1. Therefore T is a state on A. Then, by (e 9.241),
T (ai) ≤ r · σi (or T (bj) ≥ 1
r
· dj ) (e 9.242)
However, it is easy to check that T is a tracial state. This contradicts with (e 9.234). The lemma
follows by choosing p to be pn and B to be Bn for some sufficiently large n.
Lemma 9.3. Let σ > 0 and let 1 > r > 0. There exists δ > 0 for any pair of a, b ∈ A+ \ {0}
with 0 ≤ a, b ≤ 1, where A is a unital separable simple C∗-algebra with tracial rank one or zero,
‖ab− b‖ < δ and τ(b) ≥ σ for all τ ∈ T (A), (e 9.243)
there exists a projection e ∈ aAa such that
τ(e) > rσ for all τ ∈ T (A). (e 9.244)
Proof. For any 1 > d > 0, define a function fd ∈ C([0,∞)) as follows:
fd(t) =


0, if 0 < t < d/2;
linear, if d/2 ≤ t < d;
1, if d ≤ t <∞
Choose 1 > r1 > r > 0. There exists ǫ > 0 such that, for any 0 ≤ c ≤ 1,
‖fǫ(c)c − c‖ < (r1 − r)σ/8, (e 9.245)
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Note that ǫ is independent of c. There exists δ > 0 such that if 0 ≤ a1, b1 ≤ 1,
‖a1b1 − b1‖ < δ, (e 9.246)
then
‖a1fǫ/2(b1)− fǫ/2(b1)‖ < 1/16. (e 9.247)
Moreover, there exists δ1 > 0, if 0 ≤ a1, a2 ≤ 1 and
‖a1 − a2‖ < δ1, (e 9.248)
then
‖fǫ/2(a1)− fǫ/2(a2)‖ < δ/2. (e 9.249)
For any 0 < η < min{δ1/2, δ/2, ( r1−r8 )σ}, by applying 9.2, one chooses a projection p ∈ A
such that there exists a C∗-subalgebra B = ⊕mj=1C(Xj ,Mr(j)), where Xj = [0, 1] or X is a point,
with 1B = p,
‖pb− bp‖ < η (e 9.250)
dist(pbp,B) < ǫ, (e 9.251)
τ(1− p) < η for all τ ∈ T (A) and (e 9.252)
tj,x(L(b)) ≥ r1 · σ. (e 9.253)
for each normalized trace tj,x at each x ∈ [0, 1] for each of the j-th summand of B, and for any
L(b) ∈ B+ with
‖L(b)− eae‖ < η. (e 9.254)
Fix such L(a). Then, by (e 9.245) and (e 9.253),
tj,x(fǫ(L(b))) ≥ (7r1 + r
8
)σ. (e 9.255)
for all j and x. Note that, since A is simple, by Proposition 3.4 of [26], we may assume that
r(j) ≥ 8/(r1 − r)σ j = 1, 2, ...,m.
It follows from Lemma C of [1] that there is a projection e′ ∈ B such that
e′fǫ/2(L(b)) = e′ and (e 9.256)
tj,x(e
′) ≥ (7r1 + r
8
)σ − (r1 − r
8
)σ (e 9.257)
= (
6r1 + r
8
)σ (e 9.258)
for all j and x.
By the choice of η, one computes that
τ(e′) ≥ rσ for all τ ∈ T (A). (e 9.259)
Put c = (1− p)b(1− p) + L(b). Then
‖b− c‖ < δ1. (e 9.260)
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It follows from (e 9.249) and (e 9.247) that
‖afǫ(c)− fǫ(c)‖ < 1/16. (e 9.261)
Thus
‖ae′ − e′‖ < 1/16. (e 9.262)
Therefore
‖ae′a− e′‖ < 1/8. (e 9.263)
It follows (for example, Lemma 2.5.4 of [22]) that there exists a projection e in the C∗-subalgebra
generated by ae′a such that
‖e− e′‖ < 1/4. (e 9.264)
Therefore
τ(e) = τ(e′) ≥ rσ for all τ ∈ T (A). (e 9.265)
Moreover, e is in aAa.
Corollary 9.4. Let A be a unital simple separable C∗-algebra with tracial rank one or zero and
let a ∈ A+ \ {0} with ‖a‖ ≤ 1. Suppose that
τ(a) ≥ σ for all τ ∈ T (A) (e 9.266)
for some σ > 0. Then, for any 1 > r > 0, there is a projection e ∈ aAa such that
τ(e) ≥ rσ for all τ ∈ T (A). (e 9.267)
Proof. For any b ∈ A+ and any δ > 0, there exists ǫ > 0 such that
‖fǫ(b)b− b‖ < δ,
where fǫ is as defined in the proof of 9.3. Then one sees that the corollary follows immediately
from the previous lemma.
Proposition 9.5. Let A be a unital separable simple C∗-algebra with tracial rank no more than
one and let p ∈ A be a projection. Then, for any σ > 0 and integers m > n ≥ 1, there exists a
projection q ≤ p such that
n+ 1
m
τ(p) > τ(q) >
n
m
τ(p) for all τ ∈ T (A). (e 9.268)
Proof. This follows from the fact that A is tracially approximately divisible (see 2.16) .
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Lemma 9.6. Let X be a compact metric space, let ∆ : (0, 1) → (0, 1) be a non-decreasing map,
let ǫ > 0, let F ⊂ C(X) be a finite subset and let {x1, x2, ..., xm} be a finite subset. Let η > 0 be
such that
|f(x)− f(x′)| < ǫ/4 for all f ∈ F ,
if dist(x, x′) < 2η and
O2η(xi) ∩O2η(xj) = ∅ if i 6= j
(so η does not depend on ∆). Let 1 > r > 0. Then there exits δ > 0 and a finite subset G ⊂ C(X)
satisfying the following:
For any unital separable simple C∗-algebra A with tracial rank no more than one and any
unital δ-G-multiplicative contractive completely positive linear map L : C(X)→ A for which
µτ◦L(Oa) ≥ ∆(a) for all τ ∈ T (A) (e 9.269)
and for all 1 > a ≥ η, there exist mutually orthogonal non-zero projections p1, p2, ..., pm in A
such that
τ(pi) ≥ r∆(η) for all τ ∈ T (A), i = 1, 2, ...,m and (e 9.270)
‖L(f)− [PL(f)P +
m∑
i=1
f(xi)pi]‖ < ǫ for all f ∈ F , (e 9.271)
where P = 1−∑mi=1 pi.
Proof. Suppose that the lemma is false (for the above ǫ, F , ∆ and {x1, x2, ..., xm}).
Let η > 0 be such that
|f(x)− f(x′)| < ǫ/4 for all f ∈ F , (e 9.272)
if dist(x, x′) < 2η. We may assume that O2η(xi) ∩O2η(xj) = ∅, i 6= j, i, j = 1, 2, ...,m.
Let gi be a function in C(X) such that 0 ≤ gi(x) ≤ 1 for all x ∈ X, gi(x) = 1 if dist(x, xi) < η
and gi(x) = 0 if dist(x, xi) ≥ 2η, i = 1, 2, ...,m. Put G0 = {gi : i = 1, 2, ...,m}.
Then, there exists a sequence of unital separable simple C∗-algebras with tracial rank no
more than one and a sequence of δn-Gn-multiplicative contractive completely positive linear map
Ln : C(X)→ An for a sequence of decreasing positive numbers δn → 0 and a sequence of finite
subsets {Gn} with ∪∞n=1Gn is dense in C(X) such that
µτ◦Ln(Oa) ≥ ∆(a) for all τ ∈ T (A) and for all 1 > a ≥ η (e 9.273)
lim inf
n
{inf{max{‖Ln(f)− [PnLn(f)Pn +
m∑
i=1
f(xi)pi,n]‖ : f ∈ F}}} ≥ ǫ, (e 9.274)
where infimum is taken among all possible mutually orthogonal non-zero projections p1,n, p2,n, ..., pm,n
with τ(pi,n) ≥ r∆(η) for all τ ∈ T (An) and Pn = 1An −
∑n
i=1 pi,n in An.
Let B =
∏∞
n=1An, let Q = B/ ⊕∞n=1 An and Π : B → Q be the quotient map. Define Φ :
C(X)→ B by Φ(f) = {Ln(f)} and φ = Π ◦Φ. Then φ : C(X)→ Q is a unital homomorphism.
By (e 9.273),
τ(Ln(gi)) ≥ µτ◦Ln(Oη) ≥ ∆(η).
for all τ ∈ T (A). It follows from 9.4, there exists a projection p′i,n ∈ Ln(gi)ALn(gi) such that
τ(p′i,n) ≥ r∆(η) for all τ ∈ T (An), i = 1, 2, ...,m. (e 9.275)
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for all n ≥ n0 for some n0 ≥ 1. Define Pi = {p′i,n} (with p′i,n = 1 for n = 1, 2, ..., n0), and
qi = Π(Pi), i = 1, 2, ....,m. Note that
qi ∈ φ(gi)Aφ(gi), i = 1, 2, ...,m. (e 9.276)
It follows from Lemma 3.2 of [19] that
‖φ(f)− [qφ(f)q +
m∑
i=1
f(xi)qi]‖ < ǫ/2 for all f ∈ F , (e 9.277)
where q = 1−∑mi=1 qi. It follows that, for some sufficiently large n1 ≥ n0,
‖Ln(f)− [PnLn(f)Pn +
m∑
i=1
f(xi)p
′
i,n]‖ < ǫ for all f ∈ F (e 9.278)
for all n ≥ n1, where Pn =
∑m
i=1 p
′
i,n. By (e 9.275), this contradict with (e 9.274).
Lemma 9.7. Let X be a connected finite CW complex, let ξ ∈ X be a point and let Y = X \{ξ}.
Suppose that K0(C0(Y )) = Z
k⊕Tor(K0(C0(Y ))) and g1, g2, ..., gk are generators of Zk. Suppose
that φ : C(X)→ A (for some unital separable simple C∗-algebra with tracial rank one or zero)
is a δ-G-multiplicative contractive completely positive linear map for which [φ](gi) is well defined
(i = 1, 2, ..., k), where δ is a positive number and G is a finite subset of C(X), and
|τ([φ](gi))| < σ for all τ ∈ T (A), i = 1, 2, ..., k (e 9.279)
for some 1 > σ > 0. Then, for any ǫ > 0 and any finite subset F , any 1 > r > 0 and any finite
subset H ⊂ A, there exists a projection p ∈ A and a unital C∗-subalgebra B = ⊕mj=1C(Xj ,Mr(j)),
where Xj = [0, 1], or Xj is a single point, with 1B = p and a unital (δ + ǫ)-G-multiplicative
contractive completely positive linear map L : C(X)→ B such that
‖φ(f)− [(1− p)φ(f)(1− p) + L(f)]‖ < ǫ for all f ∈ F and (e 9.280)
|tj,x([L](gi)| < (1 + r)σ j = 1, 2, ..., k and x ∈ Xj. (e 9.281)
(We use tj,x for τj,x ⊗ TrR on B ⊗MR, where TrR is the standard trace on MR.) Moreover,
‖pa− ap‖ < ǫ for all a ∈ H.
Proof. The proof is similar to that of 9.2. Let pj, qj ∈MR(C(X)) such that
[pj]− [qj ] = gj , j = 1, 2, ..., k
for some integer R ≥ 1. There exists of a sequence of projections pn ∈ A such that
lim
n→∞ ‖cpn − pnc‖ = 0 for all c ∈ A, (e 9.282)
and there exists a sequence of C∗-subalgebras Bn = ⊕m(n)j=1 C(Xj,n,Mr(j,n)) (where Xj,n = [0, 1]
or X is a single point) with 1Bn = pn such that
lim
n→∞ dist(pncpn, Bn) = 0 and limn→∞ supτ∈T (A)
{τ(1 − pn)} = 0. (e 9.283)
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For sufficiently large n, there exists a contractive completely positive linear map L′n : pnApn →
Bn such that
lim
n→∞ ‖L
′
n(a)− pnapn‖ = 0 for all a ∈ A.
(see 2.3.9 of [22]). We have
lim
n→∞ ‖φ(f)− [(1− pn)φ(f)(1 − pn) + L
′
n ◦ φ(f)]‖ = 0 for all f ∈ C(X). (e 9.284)
Define L′n,R :MR(A)→MR(A) by L′n⊗ idMR and φR :MR(C(X))→MR(A) by φR = φ⊗ idMR .
Suppose that (for some fixed 1 > r > 0) there exists a subsequence {nk}, {jk} and {xk} ∈
[0, 1] such that
tjk,xk(L
′
n,R ◦ φR(pi − qi)) ≥ (1 + r)σ (e 9.285)
for all k. Define a state Tk : A → C by Tk(a) = tjk,xk(a), k = 1, 2, .... Let T be a limit point.
Note Tk(1A) = 1. Therefore T is a state on A. Then, by (e 9.285),
T ([φ](gi)) ≥ (1 + r)σ. (e 9.286)
However, it is easy to check that T is a tracial state. This contradicts with (e 9.279). So the
lemma follows by choosing B to be Bn, p to be pn and L to be L
′
n ◦L for some sufficiently large
n.
Lemma 9.8. Let A be a unital separable simple C∗-algebra with tracial rank no more than one.
Let p1, p2, ..., pn be a finite subset of projections in A, and let L : C(X) → A be a contractive
completely positive linear map with L(1C(X)) being a projection. Let d1, d2, ..., dn be positive
numbers and ∆ : (0, 1) → (0, 1) be a non-decreasing map and let η > 0.
Suppose that
τ(pi) ≥ ai and µτ◦L(Oa) ≥ ∆(a) for all a ≥ η (e 9.287)
for all τ ∈ T (A).
Then, for any 1 > r > 0, any 1 > δ > 0, any finite subset G ⊂ C(X) and any finite subset
H ⊂ A, there exists a projection E ∈ A, a C∗-subalgebra B = ⊕Lj=1C(Xj ,Mr(j)) with 1B = E,
(Xj = [0, 1], or Xj is a point), projections p
′
i, p
′′
1 with p
′
i ∈ B, and contractive completely positive
linear map L1 : C(X)→ B with L1(1C(X)) being a projection satisfying the following:
‖Ea− aE‖ < δ for all a ∈ H ∪ {L(f) : g ∈ G}, (e 9.288)
‖pi − (p′i ⊕ p′′i )‖ < δ, i = 1, 2, ..., n, (e 9.289)
‖L(f)− [EL(f)E + L1(f)]‖ < δ for all f ∈ G, (e 9.290)
tj,x(p
′
i) ≥ rdi, i = 1, 2, ..., n and (e 9.291)
µtj,x◦L1(Oa) ≥ r∆(Oa) for all a ≥ η (e 9.292)
for all x ∈ Xj and j = 1, 2, ..., L. Moreover,
τ(1−E) < ǫ for all τ ∈ T (A).
If L′ : C(X) → A is another δ-G-multiplicative contractive completely positive linear map
such that
|τ ◦ L′(g)− τ ◦ L(g)| < δ for all g ∈ G, (e 9.293)
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we may further require that
‖EL′(f)− L′(f)E‖ < δ, |L′(f)− [EL′(f)E + L1(f)]‖ < δ for all f ∈ G, (e 9.294)
|tj,x ◦ L1(f)− tj,x ◦ L′1(f)| < ǫ and µtj,x◦L′1(Oa) ≥ r∆(a) (e 9.295)
for all x ∈ Xj , j = 1, 2, ..., L, for a ≥ η and for all f ∈ G
Proof. There exists a sequence of projections En ∈ A and a sequence of C∗-subalgebra Bn =
⊕Lnj=1C(Xj,n,Mr(j,n)) such that
lim
n→∞ ‖Ena− aEn‖ = 0 for all a ∈ A. (e 9.296)
One then obtains a sequence of projections p′i,n ∈ Bn, p′′i,n ∈ (1−En)A(1−En) and a sequence
of contractive completely positive linear maps Φn : A→ Bn (see 2.3.9 of [22]) such that
lim
n→∞ ‖pi − (p
′
i,n + p
′′
i,n)‖ = 0 and limn→∞ ‖a− [EnaEn +Φn(a)]‖ = 0 (e 9.297)
for all a ∈ A. Moreover,
lim
n→∞ supτ∈T (A)
{τ(1 − en)} = 0. (e 9.298)
Suppose that there exists a subsequence {nk} such that
tjn,k,xk(p
′
i,n) < rdi, i = 1, 2, ..., n. (e 9.299)
Define Tk(a) = tjn,k,xk(Φnk(a)) for a ∈ A. Let T be a limit point. Then T (1A) = 1. So T is a
state. It is easy to see that it is also a tracial state. Then
T (pi) ≤ rdi, i = 1, 2, ..., n. (e 9.300)
A contradiction.
Suppose that there exists a subsequence {nk} such that
µtjnk ,xk◦Φnk◦L(Oak ) < r∆(ak) (e 9.301)
for some 1 > ak ≥ η and for all k. Again, use the above notation T for a limit of {tjnk ,xk ◦Φnk}.
Then T is a tracial state so that
µT◦L(Oa) ≤ r∆(a) (e 9.302)
for some a ≥ η. Another contradiction.
The first part of the lemma follows by choosing L1 to be Φn ◦ L, p′i to be p′1,n and p′′i to be
p′′1,n for some sufficiently large n.
The last part follows from a similar argument.
Lemma 9.9. Let A be a unital separable simple C∗-algebra with tracial rank no more than one.
Suppose that p, q ∈ A are two projections such that
τ(p) ≥ D and τ(q) ≥ D for all τ ∈ T (A).
Then, for any 1 > r > 1, there are projections p1 ≤ p and q1 ≤ q such that
[p1] = [q1] in K0(A) and τ(p1) = τ(q1) ≥ r ·D (e 9.303)
for all τ ∈ T (A).
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Proof. Fix 1 > r1 > r > 0.
Similar argument as in 9.7 leads to the following: there are mutually orthogonal projections
p′0, p
′
1 and mutually orthogonal projections q
′
0, q
′
1 such that
‖p0 + p′1 − p‖ < 1/2, ‖q0 + q′1 − q‖ < 1/2 (e 9.304)
and p′1, q
′
1 ∈ B = ⊕Lj=1C(Xj,Mr(j)), where Xj = [0, 1], or Xj is a single point,
tj,x(p
′
1) > r1D and tj,x(q
′
1) > r1D (e 9.305)
for x ∈ Xj and j = 1, 2, ..., L. Moreover, as in 3.4 of [26], r(j) ≥ 2(r1−r)D . There is a projection
p1,j ∈ C(Xj ,Mr(j)) such that p1,j ≤ πj(p′1) and
r1D ≥ tj,x(p1,j) > rD (e 9.306)
for x ∈ Xj and j = 1, 2, ..., L, where πj : B → C(Xj ,Mr(j)) is a projection.
Since
tj,x(p1,j) ≤ tj,x(q′1)
for all x ∈ Xj , j = 1, 2, ..., L. There exists a partial isometry vj ∈ C(Xj,Mr(j)) such that
v∗j vj = p1,j and vjv
∗
j ≤ πj(q′1),
j = 1, 2, ..., L.
Define p′′1 =
∑L
j=1 p1,j and v =
∑L
j=1 vj . Then
p′′1 ≤ p1, v∗v = p′′1 and vv∗ ≤ q′1.
Moreover,
τ(p′′1) ≥ rD for all τ ∈ T (A).
By (e 9.304), there exists projection p1 ≤ p and a projection q1 ≤ q such that
[p1] = [p
′′
1 ] = [vv
∗] = [q1]. (e 9.307)
Note that
τ(p1) = τ(q1) ≥ r ·D for all τ ∈ T (A).
Lemma 9.10. (cf. Lemma 5.5 of [26]) Let B be a unital separable amenable C∗-algebra and
let A be a unital simple C∗-algebra with TR(A) ≤ 1. For any ǫ > 0, any finite subset F ⊂ B,
any σ > 0, any integer k ≥ 1, and integer K ≥ 1 and any finite subset F1 ⊂ A. Suppose that
φ,ψ : B → A are two unital positive linear maps. Then, there is a projection p ∈ A, a C∗-
subalgebra C0 = ⊕n1i=1(C([0, 1],Md(i)) ⊕ ⊕n2j=1Mr(j) with d(i), r(j) ≥ K and a C∗-subalgebra C
of A with C = Mk(C0) and with 1C = p and unital positive linear maps φ0, ψ0 : B → C0 such
that
‖[φ(f), p]‖ < ǫ, ‖[ψ(f), p]‖ < ǫ for all f ∈ F ; (e 9.308)
‖[x, p]‖ < ǫ for all x ∈ F1; (e 9.309)
‖φ(f)− ((1− p)φ(f)(1− p)⊕ φ(k)0 (f))‖ < ǫ, (e 9.310)
‖ψ(f)− ((1− p)ψ(f)(1 − p)⊕ ψ(k)0 (f))‖ < ǫ for all f ∈ F and (e 9.311)
τ(1− p) < σ for all τ ∈ T (A), (e 9.312)
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where
φ
(k)
0 (f) = diag(
k︷ ︸︸ ︷
φ0(f), φ0(f), ..., φ0(f)) and (e 9.313)
ψ
(k)
0 (f) = diag(
k︷ ︸︸ ︷
ψ0(f), ψ0(f), ..., ψ0(f)) for all f ∈ B. (e 9.314)
Proof. Fix ǫ1 > 0 and a finite subset G ⊂ B. We assume ǫ1 < ǫ/16. Choose an integer N such
that kN < σ/4.
Since A is tracially approximately divisible, there exists a projection q ∈ A and a finite
dimensional C∗-subalgebra D = ⊕ni=1MR(i) with R(i) ≥ N and with 1D = p such that
‖[x, y]‖ < ǫ1/8k for all x ∈ F1 ∪ {φ(f), ψ(f) : f ∈ G} and y ∈ D (e 9.315)
with ‖y‖ ≤ 1 and τ(1 − q) < σ/4 for all τ ∈ T (A). Write R(i) = mik + si, where mi > 0 and
si ≥ 0 are integers such that si < k, i = 1, 2, ..., n. Since R(i) ≥ N,
si
R(i)
< σ/4, i = 1, 2, ..., n. (e 9.316)
Let {e(i)l,j}1≤l,j≤R(i) be a matrix unit for MR(i), i = 1, 2, ..., n. Choose ei =
∑mik
j=1 e
(i)
j,j. Define
D1 =
∑n
i=1 eiMR(i)ei. Then D1
∼=Mk(D0) and D0 =
∑n
i=1Mmi .
Put p′ =
∑n
i=1 ei. Then, by (e 9.316), we estimate that
τ(1− p′) = τ(1− q) + τ(q −
n∑
i=1
ei) < σ/4 + σ/2 = σ/2 (e 9.317)
for all τ ∈ T (A). We have that
‖[x, y]‖ < ǫ1/8k for all x ∈ F1 ∪ {φ(f), ψ(f) : f ∈ G} and y ∈ D1 with ‖y‖ ≤ 1. (e 9.318)
Let E1, E2, ..., Ek be mutually orthogonal and mutually equivalent projections in Mk(D0) with
E1 = 1D0 . Let wi ∈ D1 be a unitary such that
w∗iE1wi = Ei, i = 1, 2, ....
Since TR(E1AE1) ≤ 1, there exists a projection e1 ∈ E1AE1 and a C∗-subalgebra C0 of E1AE1
with C0 = ⊕n1i=1(C([0, 1],Md(i))⊕⊕n2j=1Mr(i) with d(i), r(j) ≥ K, 1 ≤ i ≤ n1 and 1 ≤ i ≤ n2, and
with 1C0 = q1 such that
‖[x, q1]‖ < ǫ1/16k for all x ∈ F1 ∪ {p′ψ(f)p′, p′φ′0(f)p′ : f ∈ G}; (e 9.319)
dist(q1xq1, C0) < ǫ1/16k for all x ∈ F1 ∪ {p′ψ(f)p′, p′φ′0(f)p′ : f ∈ G} and (e 9.320)
t(E1 − q1) < σ/16k for all t ∈ T (E1AE1). (e 9.321)
It follows from 3.2 of [20] that there exists a unital contractive completely positive linear map
φ0, ψ0 : B → C0 such that
‖q1φ(f)q1 − φ0(f)‖ < ǫ/16k and ‖q1ψ0(f)q1 − ψ0(f)‖ < ǫ/16k for all f ∈ F , (e 9.322)
provided that ǫ1 is small enough and G is large enough. Put p =
∑k
i=1 w
∗
i q1wi and qi = w
∗
i q1wi,
i = 1, 2, ..., k. Then, by (e 9.317) and (e 9.321),
τ(1− p) < σ for all τ ∈ T (A). (e 9.323)
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We estimate that
k∑
i=1
w∗i q1φ(f)q1wi =
k∑
i=1
qiw
∗
i q1φ(f)q1wi (e 9.324)
≈ǫ1/8k
k∑
i=1
qiφ(f)w
∗
i q1wi (by (e 9.319) and (e 9.315)) (e 9.325)
=
k∑
i=1
qiφ(f)qi on F . (e 9.326)
Thus, by (e 9.319), (e 9.326) and (e 9.322),
pφ(f)p ≈ǫ1/4
k∑
i=1
qiφ(f)qi (e 9.327)
≈ǫ1/8k
k∑
i=1
w∗i q1φ(f)q1wi (e 9.328)
≈ǫ/16k
k∑
i=1
w∗i φ0(f)wi on F . (e 9.329)
Exactly the same argument shows that
pψ(f)p ≈ǫ/4
k∑
i=1
w∗i ψ0(f)wi on F . (e 9.330)
The lemma follows by combining together (e 9.329), (e 9.330), (e 9.318), (e 9.319) and (e 9.323).
10 Approximate unitary equivalence
Lemma 10.1. Let X be a connected finite CW complex and let Y = X \ {ξ}, where ξ ∈ X is a
point. Let K0(C(Y )) = G = Z
k⊕Tor(G) and K0(C(X)) = Z⊕G. Fix κ ∈ HomΛ(K(C0(Y )),K(K)).
Put K = max{|κ(gi)| : gi = (
i−1︷ ︸︸ ︷
0, ..., 0, 1, 0, ..., 0) ∈ Zk}. Then, for any δ > 0 any finite subset
G ⊂ C(X) and any finite subset P ⊂ K(C0(Y )), there exists an integer N(K) ≥ 1 (which
depends on K, δ, G and P, but not κ) and a unital δ-G-multiplicative contractive completely
positive linear map L : C(X)→MN(k) such that
[L|C0(Y )]|P = κ|P . (e 10.331)
(Note that the lemma includes the case that K = 0.)
Proof. Choose δ0 > 0 and a finite subset G0 ⊂ C0(Y ) such that, for any pair of δ0-G0-multiplicative
contractive completely positive linear maps from C0(Y ) to any C
∗-algebra, [Li]|P is well-defined
and
[L1]|P = [L2]|P , (e 10.332)
provided that
L1 ≈δ0 L2 on G0.
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It follows from 4.3 and 5.3 of [6] that there exists an asymptotic morphism {φt : t ∈ [1,∞)} :
C0(Y )→ K such that
[{φt}] = κ. (e 10.333)
Note that, for each t ∈ [1,∞), φt is a contractive completely positive linear map and
lim
t→∞ ‖φt(ab)− φt(a)φt(b)‖ = 0
for all a, b ∈ C0(Y ). Define δ1 = min{δ0/2, δ/2} and G1 = G0 ∪ G. It follows that, for sufficiently
large t,
[φt]|P = κ|P (e 10.334)
and φt is δ1-G1 multiplicative. Choose a projection E ∈ K such that
‖Eφt(a)− φt(a)E‖ < δ1/4 for all a ∈ G2, (e 10.335)
where G2 = G1 ∪ {ab : a, b ∈ G1}. Define L : C(X)→ EKE by L(f) = f(ξ)E + Eφt(f − f(ξ))E
for f ∈ C(X). It is easy to see that L is a δ-G-multiplicative contractive completely positive
linear map and
[L|C0(Y )]|P = κ|P . (e 10.336)
Define the rank of E to be N(κ). Note that EKE ∼=MN(κ). Note that since Ki(C0(Y )) is finitely
generated, by [7],
HomΛ(K(C0(Y )),K(K)) = HomΛ(FmK(C0(Y )), FmK(K))
for some integer m ≥ 1. Thus, when K is given, there are only finitely many different κ so that
|κ(gi)| ≤ K for i = 1, 2, ..., k. Thus such N(K) exists by taking the maximum of those N(κ).
Lemma 10.2. Let X be a connected finite CW complex and let Y = X \ {ξ}, where ξ ∈ X is a
point. Let K0(C(Y )) = G = Z
k ⊕ Tor(G) and K0(C(X)) = Z ⊕ G. For any δ > 0, any finite
subset G ⊂ C(X) and any finite subset P ⊂ K(C0(Y )), there exists an integer N(δ,G,P) ≥ 1
satisfying the following:
Let κ ∈ HomΛ(K(C0(Y )),K(K)) and let K = max{|κ(gi)| : gi = (
i−1︷ ︸︸ ︷
0, ..., 0, 1, 0, ..., 0) ∈ Zk}.
There exists an integer N(K) ≥ 1 and a unital δ-G-multiplicative contractive completely positive
linear map L : C(X)→MN(k) such that
[L]|P = κ|P and N(K)
max{K, 1} ≤ N(δ,G,P). (e 10.337)
Proof. Fix δ, P and G. Let N(0) and N(1) be in 10.1 corresponding to the case that K = 0 and
K = 1. Define
N(δ,G,P) = kN(1) +N(0).
Fix κ ∈ HomΛ(K(C0(Y )),K(K)). Suppose that κ(gi) = mi, i = 1, 2, ..., k. For each i, (i =
0, 1, 2, ..., k) there is κi ∈ HomΛ(K(C0(Y )),K(K)) such that
κ0(gi) = 0, i = 1, 2, ..., k, (e 10.338)
κi(gj) = 0, if mi = 0, j = 1, 2, ..., k (e 10.339)
κi(gi) = sign(mi) · 1 (in Z) and κi(gj) = 0 if j 6= i, (e 10.340)
if mi 6= 0, i = 1, 2, ..., k and (e 10.341)
κ0 +
k∑
i=1
miκi = κ. (e 10.342)
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By 10.1, there exists a unital δ-G-multiplicative contractive completely positive linear map Li :
C(X)→MN(1) such that
[Li|C0(Y )]|P = κi|P , i = 0, 1, 2, ..., k. (e 10.343)
Put N = N(0) +
∑k
i=1 |mi|N(1). Define L : C(X)→MN by
L(f) = L0(f)⊕⊕ki=1L¯i(f), (e 10.344)
for all f ∈ C(X), where
L¯i(f) = diag(
|mi|︷ ︸︸ ︷
Li(f), Li(f), ..., Li(f)), i = 1, 2, ...., k. (e 10.345)
One estimates that
N
max{K, 1} =
N(0) +
∑k
i=1 |mi|N(1)
max{K, 1} ≤ N(0) + kN(1) = N(δ,G,P). (e 10.346)
Lemma 10.3. Let X be a connected finite CW complex with K0(C(X)) = Z ⊕ G, where G =
Zk ⊕ Tor(G) = K0(C0(Y )) and Y = X \ {ξ} for some point ξ ∈ X. For any σ > 0, there exists
δ > 0 and a finite subset G ⊂ C(X) satisfying the following:
For any unital separable C∗-algebra A with T (A) 6= ∅ and any unital δ-G-multiplicative
contractive completely positive linear map L : C(X)→ A, one has
|τ ◦ [L](gi)| < σ for all τ ∈ T (A), (e 10.347)
where gi = (
i−1︷ ︸︸ ︷
0, ..., 0, 1, 0, ..., 0) ∈ Zk and τ is the state on K0(C(X)) induced by the tracial state
τ.
Proof. Suppose that the lemma is false.
Then there exists a sequence of unital separable C∗-algebras An and a sequence of δn-Gn-
multiplicative contractive completely positive linear maps Ln : C(X) → An, where δn ↓ 0 and
Gn is a sequence of finite subsets such that Gn ⊂ Gn+1 and ∪∞n=1Gn is dense in C(X) and there
exists τn ∈ T (An) such that
|τn ◦ [Ln](gi)| ≥ σ/2 (e 10.348)
for some i ∈ {1, 2, ..., k}.
Let B =
∏∞
n=1An. Define tn({an}) = τn(an). Then tn is a tracial state of B. Let T be a
limit point of {tn}. One obtains a subsequence {nk} such that
T ({an}) = lim
k→∞
τnk(ank) (e 10.349)
for any {an} ∈ B. Note for any a ∈ ⊕∞n=1An ⊂ B, T (a) = 0. It follows that T defines a tracial
state T¯ on B/⊕∞n=1 An. Let Π : B → B/⊕∞n=1 An be the quotient map. Define L : C(X)→ B
by L(f) = {Ln(f)}. Put φ = Π ◦ L. Then φ is a unital homomorphism. Therefore
T¯ ◦ φ∗0(gi) = 0. (e 10.350)
It follows that there is a subsequence {n′k} ⊂ {nk} such that
lim τn′
k
◦ [Ln′
k
](gi) = 0. (e 10.351)
But this contradicts with (e 10.348).
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Lemma 10.4. Let C(X) be a connected finite CW complex and P ⊂ K(C(X)). There exists
δ > 0 and there exists a finite subset G ⊂ C(X) satisfying the following: for any unital C∗-algebra
A, and any unital δ-G-multiplicative contractive completely positive linear map L : C(X)→ A,
there exists κ ∈ HomΛ(K(C(X)),K(A)) such that
[L]|P = κ|P . (e 10.352)
This is known (see Prop. 2.4 of [29]).
Lemma 10.5. Let X ∈ X be a finite simplicial complex. Let ǫ > 0, let ǫ1 > 0, let η0 > 0, let
F ⊂ C(X) be a finite subset, let N ≥ 1 and K ≥ 1 be positive integers and let ∆ : (0, 1)→ (0, 1)
be a non-decreasing map. There exist η > 0, δ > 0, a finite subset G and a finite subset
P ⊂ K(C(X)) satisfying the following:
Suppose that A is a unital separable simple C∗-algebra with tracial rank no more than one
and φ,ψ : C(X) → A are two unital δ-G-multiplicative contractive completely positive linear
maps such that
µτ◦φ(Oa) ≥ ∆(a) for all a ≥ η, (e 10.353)
|τ ◦ φ(g) − τ ◦ ψ(g)| < δ for all g ∈ G (e 10.354)
for all τ ∈ T (A) and
[φ]|P = [ψ]|P . (e 10.355)
Then, for any ǫ0 > 0, there are four mutually orthogonal projections P0, P1, P2 and P3 with
P0 + P1 + P2 + P3 = 1A, there is a unital C
∗-subalgebra B1 ⊂ (P1 + P2 + P3)A(P1 + P2 + P3)
with 1B = P1 + P2 + P3, where B1 has the form B1 = ⊕sj=1C(Xj ,Mr(j)) with P1, P2, P3 ∈ B1,
where Xj = [0, 1], or Xj is a point, there are unital homomorphisms φ1, ψ1 : C(X)→ B, where
B = P3B1P3, there exists a finite dimensional C
∗-subalgebra C0 ⊂ P1BP1 with 1C0 = P1 and
there exists a unital ǫ-F-multiplicative contractive completely positive linear map φ2 : C(X) →
C0 and mutually orthogonal projections p1, p2, ..., pm ∈ P2B1P2 and a unitary u ∈ A such that
‖φ(f)− [P0φ(f)P0 + φ2(f) +
m∑
i=1
f(xi)pi + φ1(f)]‖ < ǫ/2 and (e 10.356)
‖adu ◦ ψ(f)− [P0(adu ◦ ψ(f))P0 + φ2(f) +
m∑
i=1
f(xi)pi + ψ1(f)]‖ < ǫ/2 (e 10.357)
for all f ∈ F , where {x1, x2, ..., xm} is ǫ1-dense in X and P2 =
∑m
i=1 pi,
Nτ(P0 + P1) < τ(pi) Ktj,x(P1 + P2) ≤ tj,x(P3) (e 10.358)
µT◦φ1(Oa) ≥ ∆(a)/4, µT◦ψ1(Oa) ≥ ∆(a)/4 for all a ≥ η0 (e 10.359)
|T ◦ ψ1(f)− T ◦ φ1(f)| < ǫ for all f ∈ F , (e 10.360)
for all τ ∈ T (A), i = 1, 2, ...,m, for all x ∈ Xj, j = 1, 2, ..., s and for all T ∈ T (B). Moreover,
for any finite subset H ⊂ A, one may require that
‖aP0 − P0a‖ < ǫ0 and (1− P0)a(1− P0) ∈ǫ B1 for all a ∈ H. (e 10.361)
Proof. Without loss of generality, we may assume that X is connected. There is an integer
k′ ≥ 1 such that any torsion element in Ki(C(X)) has order smaller than k′. Put k0 = (k′)!.
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Let ǫ > 0, ǫ1 > 0, F ⊂ C(X), N and K are given. Let ǫ > ǫ2 > 0 and F0 ⊃ F satisfying
the following: if L1, L2 : C(X) → B are two unital ǫ2-F0 multiplicative contractive completely
positive linear maps (to any unital C∗-algebra B with T (B) 6= ∅) such that
µT◦L1(Oa) ≥ ∆(a)/2m for all a ≥ η0 and |T ◦ L1(f)− T ◦ L2(f)| < ǫ2 (e 10.362)
for all f ∈ G0, then
µT◦L2(Oa) ≥ ∆(a)/4m for all a ≥ η0, (e 10.363)
m = 1, 2, ..., k0 . Define ∆1(a) = ∆(a)/4 for a ∈ (0, 1). Let η1 > 0 (in place of η), δ1 > 0 (in place
of δ), G1 ⊂ C(X) (in place of G) be a finite subset and P1 ⊂ K(C(X)) (in place of P) be a finite
subset required by 8.5 for ǫ2/16 ( in place of ǫ), F0 (in place of F) and for both ∆1 and ∆1/k0
(in place of ∆) above. We may assume that δ1 < ǫ/64.
By choosing smaller δ1 and large G1, we may assume that, if L1, L2 : C(X) → B are two
contractive completely positive linear maps (for any unital C∗-algebras B with T (B) 6= ∅) and
µτ◦L1(Oa) ≥ ∆(a)/m for all a ≥ η1
for all τ ∈ T (B), then
µτ◦L2(Oa) ≥ 3∆(a)/4m for all a ≥ η1 (e 10.364)
for all τ ∈ T (B) and m = 1, 2, ..., k0, whenever
L1 ≈δ1 L2 on G1. (e 10.365)
Let ξ ∈ X be a point in X and let Y = X \ {ξ}. Write K0(C(X)) = Z⊕G, where Z is given
by the rank and G = Zk ⊕ Tor(G) = K0(C0(Y )). Put gi = (
i−1︷ ︸︸ ︷
0, 0, ..., 0, 1, 0, ..., 0), i = 1, 2, ..., k.
We may assume that gi ∈ P1. In fact, since Ki(C(X)) is finitely generated (i = 0, 1), we may
assume that [L] well defines an element in KK(C(X), A) for any δ1-G1-multiplicative contractive
completely positive linear map L : C(X) → A (for any unital C∗-algebra A) (see 10.4). For
convenience, without loss of generality, we may further assume that,
[L1]|P1 = [L2]|P1 (e 10.366)
for any pair of δ1-G1 multiplicative contractive completely positive linear maps for which
L1 ≈δ1 L2 on G1.
We may also assume that F ⊂ G1. Let η2 > 0 (in place of η) required by 4.1 such that
|f(x)− f(x′)| < δ1/32 for all f ∈ G1 (e 10.367)
if dist(x, x′) < η2. We may assume that η2 < ǫ1/2.
Let s ≥ 1 for which there exists an η2/2-dense subset {x1, x2, ..., xm} ofX such that Oi∩Oj =
∅ (i 6= j), where
Oi = {x : x ∈ X : dist(x, xi) < η2/2s}.
We may assume that η2 < η1/2. Let σ1 =
1
k0(2+m)η2
. Let δ2 > 0, let G2 ⊂ C(X) and P2 ⊂
K(C(X)) be finite subsets required by 4.1 for the above δ1/2 (in place of ǫ), G1 (in place of F)
and η2 (in place of η), σ1 (in place of σ) and s above.
50
For convenience, without loss of generality, we may assume that δ2 < δ1/16 and G2 ⊃ F ∪G2
and P2 ⊃ P1.Without loss of generality, we may also assume that G2 is in the unit ball of C(X).
Let η = η2/s. Let δ3 > 0 and G3 ⊂ C(X) be a finite subset be as required by 9.6 for δ1/16 (
in place of ǫ), G1 ( in place of F) and η above. Choose integer N1 ≥ 64m such that
1
N1
< δ2/4. (e 10.368)
Let N(δ2/2,G2,P2) be as in 10.2 and put
σ2 =
∆(η2/2s)
32N1(K + 2)(N + 2)(1 +N(δ2/2,G2,P2))
Without loss generality, we may assume that N(δ2/2,G2,P2) ≥ 2. We may assume that G3 ⊃ G2
and δ3 < δ2/2. By 10.3, there exists δ4 > 0 and a finite subset G4 ⊂ C(X) such that for
any unital C∗-algebra B with T (B) 6= ∅ and for any unital δ4-G4-multiplicative contractive
completely positive linear map L : C(X)→ B,
τ ◦ [L](gi) < σ2/k0. (e 10.369)
Let δ = min{δ4/2, δ3/2}, G = G4 ∪ G3 and P = P2 ∪ P1. Let P ′ = P ∩K(C0(Y )). Suppose that
φ and ψ : C(X) → A are two unital δ-G-multiplicative contractive completely positive linear
maps, where A is a unital separable simple C∗-algebra with tracial rank one or zero, satisfy the
assumptions of the lemma for the above chosen δ, G and P.
In particular, we may assume that [φ] and [ψ] define the same element in KK(C(X), A),
since Ki(C(X)) is finitely generated.
It follows from 9.6 that there exist mutually orthogonal projections p′1, p
′
2, ..., p
′
m ∈ A and
mutually orthogonal projections p′′1, p
′′
2, ..., p
′′
m ∈ A such that
‖φ(g) − [P ′(φ(g))P ′ +
m∑
j=1
f(xj)p
′
j]‖ < δ1/16k0 and (e 10.370)
‖ψ(g) − [P ′′(ψ(g))P ′′ +
m∑
j=1
f(xj)p
′′
j ]‖ < δ1/16k0 (e 10.371)
for all g ∈ G1, where P ′ = 1−
∑m
j=1 p
′
i and P
′′ =
∑m
j=1 p
′′
i . Moreover
τ(p′i) ≥ (1−
1
100k0
)∆(η) and τ(p′′i ) ≥ (1−
1
100k0
)∆(η) (e 10.372)
for all τ ∈ T (A), i = 1, 2, ...,m. By applying 9.5, and by replacing p′i by one of its subprojection
and p′′i by one of its subprojection, respectively, we replace (e 10.372) by the following:
τ(p′i) ≥ (1/2)(1 −
1
100k0
)∆(η),
m∑
i=1
τ(p′i) < 1/2, (e 10.373)
τ(p′′i ) ≥ (1/2)(1 −
1
100k0
)∆(η) and
m∑
i=1
τ(p′′i ) < 1/2 (e 10.374)
for all τ ∈ T (A), i = 1, 2, ...,m. By 9.9, there are projections q′i ≤ p′i and q′′i ≤ p′′i such that
τ(q′i) ≥ (
1
2
− 1
100k0
)∆(η) and [q′′i ] = [q
′
i] (in K0(A)), (e 10.375)
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i = 1, 2, ...,m. There is a unitary u ∈ A such that
u∗q′′i u = q
′
i, i = 1, 2, ...,m. (e 10.376)
Therefore, we have
‖φ(f)− [Q′φ(f)Q′ +
m∑
j=1
f(xj)q
′
j ]‖ < δ1/16k0 and (e 10.377)
‖adu ◦ ψ(f)− [Q′adu ◦ ψ(f)Q′ +
m∑
j=1
f(xj)q
′
j ]‖ < δ1/16k0 (e 10.378)
for all f ∈ G1. We also have that
m∑
i=1
τ(q′i) < 1/2 for all τ ∈ T (A). (e 10.379)
Note that
[Q′φQ′|C0(Y )]| = [φ|C0(Y )] = [ψ|C0(Y )] = [Q′(adu ◦ ψ)Q′|C0(Y )]. (e 10.380)
Let H ⊂ C(X) be given. Since A has tracial rank no more than one, by applying 9.10, we
obtains a projection E ∈ A and a unital C∗-subalgebra B1 = ⊕Lj=1C(Xj ,Mr(j)) (Xj = [0, 1] or
Xj is a single point) with 1B1 = 1− E satisfying the following:
‖φ(f)− [E(φ(f))E +
m∑
i=1
f(xi)ei + φ
′
1(f)]‖ < δ1/8k0 (e 10.381)
‖ad u ◦ ψ(f)− [E(ad u ◦ ψ(f))E +
m∑
i=1
f(xi)ei + ψ
′
1(f)]‖ < δ1/8k0 (e 10.382)
for all f ∈ G1 and
‖Ea− aE‖ < min{ǫ0/2, δ1/8k0} and (1− E)a(1 − E) ∈min{ǫ0/2,δ1/8k0} B1 (e 10.383)
for all a ∈ H∪ G1, where
∑m
i=1 ei = E1 ≤ 1−E and φ′1, ψ′1 : C(X)→ B2 = (1−E −E1)B1(1−
E − E1) is a δ1/4k0-G1-multiplicative contractive completely positive linear map and ei ∈ B1,
i = 1, 2, ...,m. We may also assume that
r(j) >
16
δ2
, j = 1, 2, ..., L (e 10.384)
(see 3.3 of [26]). Moreover
τ(E) < σ2/4k0 and τ(ei) > (
1
2
− 1
50k0
)∆(η) for all τ ∈ T (A) (e 10.385)
Furthermore, by applying 9.10, we may assume that φ′1 and ψ
′
1 have the form
φ′1(f) = diag(
k0︷ ︸︸ ︷
φ′1,0(f), φ
′
1,0(f), ..., φ
′
1,0(f)) and (e 10.386)
ψ′1(f) = diag(
k0︷ ︸︸ ︷
ψ′1,0(f), ψ
′
1,0(f), ..., ψ
′
1,0(f)) (e 10.387)
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for all f ∈ C(X).
Since H above is arbitrarily given, we may choose H sufficiently large so that
[EφE]|P = [E(ad u ◦ ψ)E]|P and [φ′1]|P = [ψ′1]|P . (e 10.388)
In particular, we may assume that (by (e 10.385) and (e 10.369))
τ([φ′1](gi)) < σ2 + σ2/16 and τ([ψ
′
1](gi)) < σ2 + σ2/16 for all τ ∈ T (A). (e 10.389)
Denote by Φ,Ψ : C(X)→ B1 the maps defined by, for all f ∈ C(X),
Φ(f) =
m∑
i=1
f(xi)ei + φ
′
1(f) and Ψ(f) =
m∑
i=1
f(xi)ei + ψ
′
1(f). (e 10.390)
Denote by πj : B1 → C(Xj ,Mr¯(j)) the projection. By 9.8, we may assume that
µtj,x◦πj◦Φ(Oa) ≥
63∆(a)
64
and µtj,x◦πj◦Ψ(Oa) ≥
63∆(a)
64
for all a ≥ η, (e 10.391)
where tj,x is the standard normalized trace evaluated at x ∈ Xj , j = 1, 2, ..., L. We may also
assume that
|tj,x ◦ Φ(f)− tj,x ◦Ψ(f)| < δ1/4 for all f ∈ F . (e 10.392)
Also by 9.8, we may also assume that
tj,x(πj(ei)) >
3∆(η)
8
, i = 1, 2, ...,m, (e 10.393)
for x ∈ Xj and j = 1, 2, ..., L. Moreover,
m∑
i=1
tj,x(πj(ei)) < 1/2. (e 10.394)
By 9.7, we may further assume that
tj,x([φ
′
1](gi)) <
σ2
1− σ2/4 <
4σ2
3
, (e 10.395)
j = 1, 2, ..., L. Note that every projection in C(Xj ,Mr(j)) is unitarily equivalent to a constant
projection, j = 1, 2, ..., L. Choose a rank one projection e
(j)
11 in C(Xj ,Mr(j)). Put
Kj = r(j)max
i
{tj,x([φ′1](gi))}, j = 1, 2, ..., L.
It follows from 10.2 that there is a δ2/2-G2-multiplicative contractive completely positive linear
map λi.λ¯i : C(X)→MR(j) such that
[λj|C0(Y )]|P ′ = [πj ◦ φ′1|C0(Y )]|P ′ and [λ¯j |C0(Y )]|P ′ = −[πj ◦ φ′1|C0(Y )]|P ′ , (e 10.396)
where πj : B1 → C(Xj,Mr(j)) is the projection and R(j) ≤ KjN(δ2/2,G2,P2).
To simplify notation, we now identifyMR(j) with a C
∗-subalgebra Cj of πj(B1) with constant
matrices (with rank one projection e
(j)
11 given earlier). We compute that
tj,x(1Cj ) = R(j)tj,x(e
(j)
11 ) (e 10.397)
≤ KjN(δ2,G2,P2) · tj,x(e(j)11 ) (see (e 10.395) ) (e 10.398)
< (4/3)σ2 ·N(δ2,G2,P2) = ∆(η/2s)
24N1(N + 2)(K + 2)
. (e 10.399)
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for all x ∈ Xj , j = 1, 2, ..., L. Since (by (e 10.393))
(N1 + 2)tj,x(1Cj ) < tj,x(πj(ei)), i = 1, 2, ...,m,
there exists a projection e′j,i ≤ πj(ei) and a projection e′′j,i ≤ πj(ei)− ej,i′ so that
[e′j,i] = N1[1Cj ] and [e
′′
j,i] = 2[1Cj ] in K0(C(Xj ,Mr(j))). (e 10.400)
Put e′i =
∑L
j=1 e
′
j,i and e
′′
i =
∑L
j=1 e
′′
j,i, i = 1, 2, ...,m. Define λ : C(X)→M2(B1) by
λ(f) =
L∑
j=1
λj(f)⊕ λ¯j(f)⊕
m∑
i=1
f(xi)e
′
i +
m∑
i=2
f(xi)e
′′
i (e 10.401)
for all f ∈ C(X). In fact, there exists a finite dimensional C∗-subalgebra C ′ ⊂ B1 such that λ
maps C(X) into M2(C
′) unitally.
Consider homomorphism h : C(X)→M2(B1) defined by
h(f) =
m∑
i=1
f(xi)(e
′
i + e
′′
i ) for all f ∈ C(X). (e 10.402)
Define E′ =
∑m
i=1 e
′
i + e
′′
i . There is a unitary w ∈M2(B1) such that
w∗λ(1C(X))w = E′.
Moreover, by (e 10.400), we can choose w so that adw∗ ◦ h maps C(X) into M2(C ′). Let C =
w∗C ′w. So, in particular, C is of finite dimension. Note that C ⊂ E′B1E′.
We compute that
[adw ◦ λ]|P = [h]|P , (e 10.403)
µt◦h(Oη2/2s(xi)) ≥
1
2 +m
≥ σ1 · η2 (e 10.404)
for all t ∈ T (E′CE′) and
|t(h(f)) − t(λ(f))| < 1/(1 +m)N1 < δ2 for all f ∈ G2 (e 10.405)
and for all t ∈ T (E′CE′). By the choices of δ2 and G2 and applying 4.1, we obtain a unitary
w1 ∈ E′CE′ ⊂ B1 such that
adw1 ◦ adw ◦ λ ≈δ1/2 h on G1. (e 10.406)
Put
Λ(f) = adw1 ◦ adw ◦ (
L∑
j=1
λ¯j(f)) and φ2(f) = adw1 ◦ adw ◦ (
L∑
j=1
λj(f)) (e 10.407)
for all f ∈ C(X). Note that there exists a finite dimensional C∗-algebra C0 (∼= ⊕Lj=1Cj) such
that φ2 : C(X)→ C0 unitally. We have
‖φ(f)− [E(φ(f))E + φ2(f) +
m∑
i=1
f(xi)e¯i + Λ(f) + φ
′
1(f)]‖ < δ1 and (e 10.408)
‖ad u ◦ ψ(f)− [E(ad u ◦ ψ(f))E + φ2(f) +
m∑
i=1
f(xi)e¯i + Λ(f) + ψ
′
1(f)]‖ < δ1 (e 10.409)
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for all f ∈ G1, where e¯i = (ei − e′i − e′′i ) + w∗1(w∗e′iw)w1, i = 1, 2, ...,m.
Note that, by (e 10.399) and (e 10.393),
tj,x(πj(e¯i)) >
3∆(η)
8
− 2tj,x(1Cj ) (e 10.410)
≥ 3∆(η/2s)
8
− 2∆(η/2s)
24N1(N + 2)(K + 2)
>
∆(η/2s)
4
(e 10.411)
for all x ∈ Xj and j = 1, 2, ..., L. Since
(N + 1)(τ(E) + tj,x(1Cj )) + σ2/16 < (e 10.412)
(N + 1)(
σ2
4
+
∆(η2/2s)
24N1(N + 2)(K + 2)
) + σ2/16 < tj,x(πj(e¯i)), (e 10.413)
by (e 10.385), there is a projection pj,i ≤ πj(e¯i) such that
(N + 1)(τ(E) + tj,x(1Cj )) + σ2/16 ≥ tj,x(pj,i) > (N + 1)(τ(E) + tj,x(1Cj )). (e 10.414)
Set pi =
∑L
j=1 pj,i.
We compute that
tj,x(πj(pi)) = tj,x(pj,i) < (N + 1)σ2/4 +
∆(η/2s)
24N1(K + 2)
+ σ2/16 (e 10.415)
=
35∆(η/2s)
3 · 4 · 64 ·N1(K + 2) +
σ2
16
(e 10.416)
for all x ∈ Xj , j = 1, 2, ..., L, (e 10.417)
τ(pi) > (N + 1)(τ(E) + τ(1Cj )) and (e 10.418)
tj,x(1Cj ) +
m∑
i=1
tj,x(πj(pi)) = tj,x(1Cj ) +
m∑
i=1
tj,x(πj(pi)) (e 10.419)
≤ ∆(η2/2s)
24N1(N + 2)(K + 2)
+
m35∆(η/2s)
3 · 4 · 64 ·N1(K + 2) +
mσ2
16
(e 10.420)
<
∆(η2/2s)
3 · 4 · 64(K + 2) (e 10.421)
for all τ ∈ T (A). Since N1 ≥ 32m, from (e 10.411), (e 10.414) (and (e 10.412)), it follows that
tj,x(e¯1 − pi) > K(τ(E) + tj,x(1Cj ) +
m∑
i=1
tj,x(pi)) (e 10.422)
for all x ∈ Xj , j = 1, 2, ..., L. Define
B = (1B1 −
m∑
i=1
pi)B1((1B1 −
m∑
i=1
pi). (e 10.423)
Define
φ′′1(f) =
m∑
i=1
f(xi)(e¯i − pi) + Λ(f) + φ′1(f) and (e 10.424)
ψ′′1 (f) =
m∑
i=1
f(xi)(e¯i − pi) + Λ(f) + ψ′1(f) (e 10.425)
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for all f ∈ C(X). So we view φ′′1 and ψ′′1 as maps from C(X) into B. Note that, by (e 10.396),
[φ′′1]|P = [πξ]|P , (e 10.426)
where πξ is the point-evaluation at ξ. By (e 10.388), we also have
[ψ′′1 ]|P = [πξ]|P . (e 10.427)
From (e 10.391) and (e 10.415), by the choices of δ1 and G1, we have
µT◦φ′′1 (Oa) ≥
63∆(a)
64
− 79σ2/48 ≥ 2∆1(a) and (e 10.428)
µT◦ψ′′1 (Oa) ≥ 2∆1(a) for all T ∈ T (B) (e 10.429)
and for all a ≥ η1.
When X ∈ X0, by applying 8.5, we obtain unital homomorphisms φ1, φ2 : C(X) → B such
that
‖φ1(f)− φ′′1(f)‖ < ǫ/16 and (e 10.430)
‖ψ1(f)− ψ′′1 (f)‖ < ǫ/16 (e 10.431)
for all f ∈ F0. By the choice of ǫ2 and F0, we have
µT◦φ1(Oa) ≥ ∆1(a) and µT◦ψ1(Oa) ≥ ∆1(a) (e 10.432)
for all a ≥ η0. Furthermore, we may also assume that
|T ◦ φ1(f)− T ◦ ψ1(g)| < ǫ (e 10.433)
for all f ∈ F and T ∈ T (B). Thus lemma follows by combing (e 10.430), (e 10.431) with
(e 10.408), (e 10.409), (e 10.422) and (e 10.417), as well as (e 10.383).
When X ∈ X \X0, we will use (e 10.386) and (e 10.387). By considering each φ′1,0 and ψ′1,0
individually (with a modification), by applying 8.4 and 8.6 in stead of 8.3, we also obtain φ1
and ψ satisfying (e 10.430) and (e 10.431) as desired.
Remark 10.6. When X = I × T or X is a connected one dimensional finite CW complex, the
proof of 10.5 is much easier. In the case that X = I×T, a contractive completely positive linear
map φ : C(X)→ B, where B = ⊕sj=1C(Xj ,Mr(j)) with Xj = [0, 1] or a point, has the following
property:
[φ] = [πξ],
if φ is unital δ-G-multiplicative for some small δ > 0 and some finite subset G ⊂ C(X), where
πξ(f) = f(ξ) · 1B for all f ∈ C(X) and ξ ∈ X. So 8.5 can be applied directly.
Corollary 10.7. Let X ∈ X. Let ǫ > 0, let η0 > 0, let F ⊂ C(X) and let ∆ : (0, 1) → (0, 1) be
a non-decreasing map. Then there exists η > 0, δ > 0, a finite subset G ⊂ C(X) satisfying the
following:
Suppose that A is a unital separable simple C∗-algebra with TR(A) ≤ 1 and φ : C(X) → A
is a unital δ-G-multiplicative contractive completely positive linear map such that
µτ◦φ(Oa) ≥ ∆(a) for all a ≥ η. (e 10.434)
Then, for any ǫ0 > 0, for any integer K ≥ 1, there are mutually orthogonal projections P0
P1 and P2 with P0 + P1 + P2 = 1A, there exists a unital C
∗-subalgebra B = ⊕sj=1C(Xj,Mr(j))
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with P1 = 1B , where Xj = [0, 1], or Xj is a point, a finite dimensional C
∗-subalgebra D, a
unital completely positive linear map φ2 : C(A) → D and there exists a unital homomorphism
φ1 : C(X)→ B such that
‖φ(f)− (P0φ(f)P0 + φ2(f) + φ1(f))‖ < ǫ for all f ∈ F (e 10.435)
and
Kτ(P0 + P2) < τ(P1) for all τ ∈ T (A). (e 10.436)
Moreover, for any finite subset H ⊂ A, one may require that
‖aP0 − P0a‖ < ǫ0 for all a ∈ H ∪ φ(F). (e 10.437)
Proof. Choose ψ = φ and then apply 10.5.
Theorem 10.8. Let X be a finite simplicial complex in X. Let ǫ > 0, let F ⊂ C(X) be a finite
subset and let ∆ : (0, 1) → (0, 1) be a non-decreasing map. There exists η > 0, δ > 0, a finite
subset G ⊂ C(X) a finite subset P ⊂ K(C(X)) and a finite subset U ⊂ U(M∞(C(X))) satisfying
the following:
Suppose that A is a unital separable simple C∗-algebra with tracial rank no more than one
and φ,ψ : C(X) → A are two unital δ-G-multiplicative contractive completely positive linear
maps such that
µτ◦φ(Oa) ≥ ∆(a) for all a ≥ η, (e 10.438)
|τ ◦ φ(g) − τ ◦ ψ(g)| < δ for all g ∈ G, (e 10.439)
for all τ ∈ T (A),
[φ]|P = [ψ]|P and dist(φ‡(z¯), ψ‡(z¯)) < δ (e 10.440)
for all z ∈ U . Then there exists a unitary u ∈ A such that
adu ◦ ψ ≈ǫ φ on F . (e 10.441)
Proof. Let η1 > 0 be as in 3.5 for ǫ/4 and F . Let σ1 = ∆(η1)/4η1. Let η0 > 0 ( in place of η)
and K1 ≥ 1 (in place of K) be as in 3.5 for ǫ/4 and F above. Let σ0 = ∆(η0)/4η0 (in place
of σ). Let δ1 > 0 (in place of δ), G1 ⊂ C(X) (in place of G), P1 ⊂ K(C(X)) ( in place of P),
U1 ⊂ U(M∞(C(X))) (in place of U) and L1 ≥ 1 (in place of L) be finite subsets required by 3.5.
Let L = 8π + 1. Let δ2 > 0 (in place of δ), G2 ⊂ C(X) (in place of G), P2 ⊂ K(C(X)) (in
place of P), U2 ⊂ U(M∞(C(X))) (in place of U), l ≥ 1 and ǫ1 > 0 be as required by 3.4 for ǫ/4
and F . Let ǫ2 = min{δ1/2, δ2/2} and F2 = F ∪G1∪G2. Let ǫ3 > 0 be a number smaller than ǫ2.
Let N = l and K > 16/min{ση, σ1η1, δ1}. Let η2 > 0, let δ3 > 0 (in place of δ), let G3 ⊂ C(X)
(in place of G), let P3 ⊂ K(C(X)) be required by 10.5 for ǫ3 ( in place of ǫ) ǫ1, min{η1, η0} (in
place of η0) and F2 (in place of F).
Let η = min{η1, η0, η2} and let δ4 = min{∆(η)/4, δ3, 1/32K1π}.
Let δ be a positive number which is smaller than δ4 and let G be a finite subset containing
G3. Let P ⊂ K(C(X)) be a finite which contains P1 ∪P2 ∪P3 and the image of U in K(C(X)).
Suppose that A is a unital separable simple C∗-algebra with tracial rank one or zero and
suppose φ,ψ : C(X)→ A are two unital δ-G-multiplicative contractive completely positive linear
maps which satisfy the assumption of the theorem for the above δ, G, P and U .
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It follows from 10.5 that there are four mutually orthogonal projections P0, P1 P2 and P3
with P0+P1+P2+P3 = 1A, there is a unital C
∗-subalgebra B1 ⊂ (P1+P2+P3)A(P1+P2+P3)
with 1B1 = P1+P2+P3 and P1, P2, P3 ∈ B1, where B1 has the form B1 = ⊕sj=1C(Xj,Mr(j)) and
where Xj = [0, 1], or Xj is a point, there are unital homomorphisms φ1, ψ1 : C(X) → P3B1P3,
there exists a finite dimensional C∗-subalgebra C0 ⊂ P1B1P1 with 1C0 = P1, there exists a unital
ǫ3-F2-multiplicative contractive completely positive linear map φ2 : C(X) → C0 and mutually
orthogonal projections p1, p2, ..., pm ∈ B1 and a unitary v ∈ A such that
‖φ(f)− [P0φ(f)P0 + φ2(f) +
m∑
i=1
f(xi)pi + φ1(f)]‖ < ǫ3/2 and (e 10.442)
‖ad v ◦ ψ(f)− [P0(ad v ◦ ψ(f))P0 + φ2(f) +
m∑
i=1
f(xi)pi + ψ1(f)]‖ < ǫ3/2 (e 10.443)
for all f ∈ F2, where {x1, x2, ..., xm} is ǫ1-dense in X and P2 =
∑m
i=1 pi,
Nτ(P0 + P1) < τ(pi), Ktj,x(P1 + P2) ≤ tj,x(P3) (e 10.444)
µT◦φ1(Oa) ≥ ∆(a)/4, µT◦ψ1(Oa) ≥ ∆(a)/4 for all a ≥ min{η0, η1} (e 10.445)
and |T ◦ φ1(f)− T ◦ ψ1(f)| < ǫ3 for all f ∈ F2, (e 10.446)
for all τ ∈ T (A), x ∈ Xj , j = 1, 2, ...,m and for all T ∈ T (B). Moreover, for any finite subset
H ⊂ A, one may require that
‖aP0 − P0a‖ < ǫ3 and (1− P0)a(1− P0) ∈ǫ3 B1 for all a ∈ H. (e 10.447)
We may also assume that r(j) ≥ L1 for j = 1, 2, ..., s. Put φ0(f) = P0φ(f)P0, ψ0(f) = P0(adu ◦
ψ(f))P0, φ3(f) = φ2(f) +
∑m
i=1 f(xi)pi + φ1(f) and ψ3(f) = φ2(f) +
∑m
i=1 f(xi)pi + ψ1(f) for
f ∈ C(X).
Since
dist(φ‡(z¯), ψ‡(z¯)) < δ for all z ∈ U , (e 10.448)
with a sufficiently large H (and sufficiently small ǫ3), by 6.2 of [26], we may assume that
dist(φ‡0(z¯), ψ
‡
0(z¯)) < 2δ (e 10.449)
for all z ∈ U . Furthermore, we may also assume that
dist(φ‡3(z¯), ψ
‡
3(z¯)) < 2δ (e 10.450)
for all z ∈ U . Denote by D the determinant function on B1. We compute that
D(φ1(z)ψ1(z)
∗) < 4δ for all z ∈ U . (e 10.451)
It follows that
dist(φ‡1(z¯), ψ
‡
1(z¯)) < 1/8K1π for all z ∈ U . (e 10.452)
We may also assume (with sufficiently large U and sufficiently small ǫ3) that
[φ1]|P = [ψ1]|P and (e 10.453)
[φ0]|P = [ψ0]|P . (e 10.454)
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By (e 10.445), (e 10.446) and (e 10.452) and by applying 3.5, we obtain a unitary w1 ∈ B such
that
adw1 ◦ ψ1 ≈ǫ/4 φ1 on F . (e 10.455)
By applying 3.4, we also have a unitary w2 ∈ (P0 + P2)A(P0 + P2) such that
‖w∗2(ψ0(f)⊕
m∑
i=1
f(xi)pi)w2 − (φ0(f)⊕
m∑
j=1
f(xi)pi)‖ < ǫ/4 for all f ∈ F . (e 10.456)
The theorem then follows from the combination of (e 10.442), (e 10.443), (e 10.455) and (e 10.456).
Definition 10.9. Let C = PMk(C(X))P for some finite CW complexX and for some projection
P ∈Mk(C(X)). Suppose that the rank of P is m. Let t be a state on C. Then there is a Borel
probability measure µt, such that
t(f) =
∫
X
Lx(f(x))dµt for all f ∈ C, (e 10.457)
where Lx is a state on Mm. If t ∈ T (C), then Lx(f(x)) = tr(f(x)), where tr is the normalized
trace on Mm. There is an integer n ≥ 1 and a rank one trivial projection e ∈ Mn(C) such that
eMn(C)e ∼= C(X). It follows that there is a unitary u ∈ Mn(C) and a projection Q ∈ Mkn(C)
such that u∗Cu = QMk(eMn(C)e)Q.
Suppose that A is a unital C∗-algebra, s is a state on A and suppose that φ : C → A is a
contractive completely positive linear map. Then
s ◦ φ(f) =
∫
X
Lx(f(x))dµτ◦φ for all f ∈ C,
where Lx is a state on Mm.
Let τ ∈ T (C) and let φ(n) : Mn(C)→ Mn(A) be the homomorphism induced by φ. Denote
by φ˜ : C(X) → φ(n)(e)Mn(A)φ(n)(e) the restriction of φ(n) on eMn(C)e. It follows that the
probability measure µτ◦φ˜ induced by τ ◦ φ˜ is equal to µτ◦φ.
Corollary 10.10. Let X be a finite simplicial complex in X. Let ǫ > 0, let F ⊂ C =
PMk(C(X))P, where P ∈Mk(C(X)) is a projection, be a finite subset and let ∆ : (0, 1)→ (0, 1)
be a non-decreasing map. There exists η > 0, δ > 0, a finite subset G, a finite subset P ⊂ K(C)
and a finite subset U ⊂ U(M∞(C)) satisfying the following:
Suppose that A is a unital separable simple C∗-algebra with tracial rank no more than one
and φ,ψ : C → A, where are two unital δ-G-multiplicative contractive completely positive linear
maps such that
µτ◦φ(Oa) ≥ ∆(a) for all a ≥ η, (e 10.458)
|τ ◦ φ(g) − τ ◦ ψ(g)| < δ for all g ∈ G, (e 10.459)
for all τ ∈ T (A),
[φ]|P = [ψ]|P and dist(φ‡(z¯), ψ‡(z¯)) < δ (e 10.460)
for all z ∈ U . Then there exists a unitary u ∈ A such that
adu ◦ ψ ≈ǫ φ on F . (e 10.461)
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Proof. It is standard (using 10.9) that the general case can be reduced to the case that C =
Mk(C(X)). It is then clear that this corollary follows from 10.8.
10.11. It should be noted in the case that X = I × T, or X is an n-dimensional torus, in the
above 10.8 and 10.10, one may only consider U ⊂ U(C). Moreover, in the case that X is a finite
simplicial complex with torsion K1(C(X)), then the map φ
‡ and ψ‡ can be removed entirely
(see Corollary 2.14 of [11]).
11 AH-algebras
Let X be a compact metric space and let A be a unital simple C∗-algebra with T (A) 6= ∅.
Suppose that φ : C(X) → A is a unital monomorphism. Then µτ◦φ is a strictly positive
probability Borel measure. Fix a ∈ (0, 1). Let {x1, x2, ..., xm} ⊂ X be an a/4-dense subset.
Define
d(a, i) = (1/2) inf{µτ◦φ(Ba/4(xi)) : τ ∈ T (A)}, i = 1, 2, ...,m.
Fix a non-zero positive function g ∈ C(X) with g ≤ 1 whose support contained in Ba/4(xi).
Then, since A is simple, inf{τ(φ(g)) : τ ∈ T (A)} > 0. It follows that d(a, i) > 0. Put
∆(a) = min{d(a, i) : i = 1, 2, ...,m}.
For any x ∈ X, there exists i such that Ba(x) ⊃ Ba/4(xi). Thus
µτ◦φ(Ba(x)) ≥ ∆(a) for all τ ∈ T (A). (e 11.462)
Note that ∆ gives a non-decreasing map from (0, 1)→ (0, 1).
This proves the following:
Proposition 11.1. Let X be a compact metric space and let A be a unital simple C∗-algebra
with T (A) 6= ∅. Suppose that φ : C(X) → A is a unital monomorphism. Then there is a
non-decreasing map ∆ : (0, 1)→ (0, 1) such that
µτ◦φ(Oa) ≥ ∆(a) for all τ ∈ T (A) (e 11.463)
for all open balls Oa of X with radius a ∈ (0, 1).
Definition 11.2. Let C be a C∗-algebra. Let T = N ×K : C+ \ {0} → N×R+ \ {0} be a map.
Suppose that A is a unital C∗-algebra and φ : C → A is a homomorphism. Let H ⊂ C+ \ {0}
be a finite subset. We say that φ is T -H-full if there are xa,i ∈ A, i = 1, 2, ..., N(a) with
‖xa,i‖ ≤ K(a), i = 1, 2, ..., N(a), such that
N(a)∑
i=1
x∗a,iφ(a)xa,i = 1A
for all a ∈ H. The homomorphism φ is said to be T -full, if
N(a)∑
i=1
x∗a,iφ(a)xa,i = 1A
for all a ∈ A+ \ {0}. If φ is T -full, then φ is injective.
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Proposition 11.3. Let X be a finite CW complex, let P ∈ Mk(C(X)) be a projection and let
C1 = PMk(C(X))P. Suppose that T = N ×N : C+ \ {0} → N×R+ \ {0} is a map. Then there
exists a non-decreasing map ∆ : (0, 1)→ (0, 1) associated with T satisfying the following:
For any η > 0, there is a finite subset H ⊂ (C1 ⊗C(T))+ \ {0} such that, for any unital C∗-
algebra B with T (B) 6= ∅ and any unital contractive completely positive linear map φ : C → B
which is T -H-full, one has that
µτ◦φ(Oa) ≥ ∆(a) for all a ≥ η for all a ∈ (η, 1). (e 11.464)
Proof. To simplify notation, using 10.9, without loss of generality, we may assume that C =
C(X). Fix 1 > a > 0. Let {x1, x2, ..., xn} be an a/4-dense subset of X. Let fi be a positive
function in C(X) with 0 ≤ fi ≤ 1 whose support is in Ba/4(xi) and contains Ba/6(xi), i =
1, 2, ...,m. Define ∆′ : (0, 1)→ (0, 1) by
∆′(a) =
1
max{N(fi)K(fi)2 : 1 ≤ i ≤ m} . (e 11.465)
(e 11.466)
Define
∆(a) = min{∆′(b) : b ≥ a}.
It is clear that ∆ is non-decreasing.
Now, let B be a unital C∗-algebra with T (B) 6= ∅ and let φ : C → B be a unital contractive
completely positive linear map which is T -H-full. For each i, there are xi,j, j = 1, 2, ..., N(fi),
with ‖xi,j‖ ≤ N(fi) such that
N(fi)∑
j=1
x∗i,jφ(fi)xi,j = 1B , i = 1, 2, ...,m. (e 11.467)
Fix a τ ∈ T (B). There exists j such that
τ(x∗i,jφ(fi)xi,j) ≥
1
N(fi)
. (e 11.468)
It follows that
‖xi,jx∗i,j‖τ(φ(fi)) ≥ τ(φ(fi)1/2xi,jx∗i,jφ(fi)1/2) (e 11.469)
= τ(x∗i,jφ(fi)xi,j) ≥
1
N(fi)
. (e 11.470)
It follows that
τ(φ(fi)) ≥ 1
N(fi)K(fi)2
. (e 11.471)
This holds for all τ ∈ T (B), i = 1, 2, ...,m. Now for any open ball Oa with radius a. Suppose
that y is the center. Then y ∈ Ba/4(xi) for some 1 ≤ i ≤ m. Thus
Oa ⊃ Ba/4(xi).
It follows that
µτ◦φ(Oa) ≥ τ(fi) ≥ 1
N(fi)K(fi)2
≥ ∆(a) (e 11.472)
for all τ ∈ T (B). It is then clear that, when η > 0 is given, such finite subset H exists.
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Definition 11.4. An AH-algebra C is said to have property (J) if C is isomorphic to an inductive
limit limn→∞(Cn, φj), where ⊕R(i)j=1Pn,jMr(n,j)(C(Xn,j))Pn,j , where Xn,j is an one dimensional fi-
nite CW complex or a simplicial complex inX and where Pn,j ∈Mr(n,j)(C(Xn,j)) is a projection,
and each φj is injective.
Theorem 11.5. Let C be a unital AH-algebra with property (J). Let T = N ×K : C+ \ {0} →
N × R+ \ {0}. Then, for any ǫ > 0 and any finite subset F ⊂ C, there exists δ > 0 and a
finite subset G ⊂ C, a finite subset P ⊂ K(C) and a finite subset U ⊂ U(M∞(C)) satisfying the
following: Suppose that A is a unital separable simple C∗-algebra with tracial rank one or zero
and φ,ψ : C → A are two unital δ-G-multiplicative contractive completely positive linear maps
such that φ is T -H-full, where H = G ∩ (C+ \ {0}),
|τ ◦ φ(g)− τ ◦ ψ(g)| < δ for all g ∈ G (e 11.473)
for all τ ∈ T (A),
[φ]|P = [ψ]|P and (e 11.474)
dist(φ‡(z¯), ψ‡(z¯)) < δ (e 11.475)
for all z ∈ U . Then there exists a unitary u ∈ A such that
adu ◦ ψ ≈ǫ φ on F . (e 11.476)
Proof. Wemay write C = ∪∞n=1Cn, where each Cn = ⊕m(n)j=1 Cn,j, Cn,j = Pn,jMr(n,j)(C(Xn,j))Pn,j ,
Xn,j is a point, a connected finite CW complex of dimension 1, or Xn,j is a finite simplicial com-
plex in X and Pn,j ∈Mr(n,j)(C(Xn,j)) is a projection.
Fix a finite subset F ⊂ C and ǫ > 0.Without loss of generality, we may assume that F ⊂ Cn
for some n ≥ 1. Let p1, p2, ..., pm(n) be the identities of the each summand of Cn. Since A is stable
rank one, conjugating a unitary, without loss of generality, we may assume that φ(pi) = ψ(pi),
i = 1, 2, ...,m(n). It is then clear that we may reduce the general case to the case that Cn has
only one summand. Then the theorem follows from the combination of 10.10 and 11.3.
Corollary 11.6. Let C be a unital AH-algebra with property (J) and let A be a unital simple
C∗-algebra with TR(A) ≤ 1. Suppose that φ : C → A is unital monomorphism. Then, for any
ǫ > 0, and finite subset F ⊂ C, there exists δ > 0, a finite subset P ⊂ K(C), a finite subset
U ⊂ U(M∞(C)) and a finite subset H ⊂ C satisfying the following:
if ψ : C → A is another unital monomorphism with
[φ]|P = [ψ]|P (e 11.477)
dist(φ‡(z¯), ψ‡(z¯)) < δ for all z ∈ U and (e 11.478)
|τ ◦ φ(g) − τ ◦ ψ(g)| < δ for all g ∈ H, (e 11.479)
then there exists a unitary u ∈ A such that
adu ◦ ψ ≈ǫ φ on F .
Proof. Write C = ∪nCn, where each Cn is a finite direct sum of C∗-algebras with the form as
described in 10.10. Fix a finite subset F and ǫ > 0. Without loss of generality, we may assume
that F ⊂ Cn. To simplify notation further, we may assume that Cn has the form PMk(C(X))P
for some X ∈ X. Since φ is a given monomorphism, by 11.1, there exists a non-decreasing map
∆ : (0, 1)→ (0, 1) such that
µτ◦φ(Oa) ≥ ∆(a)
for all a ∈ (0, 1). Thus conclusion follows by applying 10.10.
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Corollary 11.7. Let C be a unital AH-algebra with property (J) and let A be a unital simple
C∗-algebra with TR(A) ≤ 1. Suppose that φ,ψ : C → A are two unital monomorphisms. Then
φ and ψ are approximately unitarily equivalent if and only if
[φ] = [ψ] in KL(C,A), (e 11.480)
φ♯ = ψ♯ and φ
‡ = ψ‡. (e 11.481)
Corollary 11.8. Let C be a unital separable simple C∗-algebra with TR(C) ≤ 1 and satisfying
the UCT and let A be a unital simple C∗-algebra with TR(A) ≤ 1. Suppose that φ,ψ : C → A
are two unital homomorphisms. Then φ and ψ are approximately unitarily equivalent if and only
if
[φ] = [ψ] in KL(C,A) (e 11.482)
φ♯ = ψ♯ and φ
‡ = ψ‡. (e 11.483)
Proof. It follows from 10.9 of [26] (by applying a theorem of Villadsen [47]) that there exists a
unital simple AH-algebra B with property (J) such that
(K0(C),K0(C)+, [1C ],K1(C), T (C)) ∼= (K0(B),K0(B)+, [1B ],K1(B), T (B))
(see 10.2 of [26] for the meaning of the above). It follows from 10.4 of [26] that C ∼= B. Thus
the corollary follows.
Remark 11.9. In 11.8, C is assumed to have tracial rank no more than one, in particular, it has
stable rank one. Therefore, the maps φ‡ and ψ‡ can be regarded as maps from U((C)/CU(C)
to U(A)/CU(A) (no need to go to matrix algebras).
It should be noted that Corollary 11.8 can also be derived from results in [26]. It is impor-
tant that in 11.5 and 11.6 C∗-algebra C is not assumed be simple, in particular, C could be
commutative. These results will be used in subsequent papers where we study the so-called the
Basic Homotopy Lemma ([34]) and asymptotic unitary equivalence ([35]) in simple C∗-algebras
with tracial rank one.
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